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A FRACTIONAL INTEGRAL APPROACH TO INEQUALITIES FOR
EXPONENTIALLY CONVEX FUNCTIONS VIA RAINA OPERATORS
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AND AHMET OCAK AKDEMİR2

Abstract. This study derives new integral inequalities for exponentially convex functions
using Raina fractional integral operators. First, some fundamental properties under the
concept of exponentially convexity are examined, and suitable integral structures are con-
structed for this class of functions. Then, new inequalities are derived using the generalized
framework provided by Raina fractional integral operators. The results obtained encompass
classical integral inequalities and many known results in the literature as special cases under
appropriate parameter choices. In this respect, the study offers new contributions to both
the fractional analysis and convexity theory literature and demonstrates the effectiveness
of Raina operators on integral inequalities.

1. Introduction

The theory of integral inequalities, a significant area of research within mathematical anal-
ysis, plays a fundamental role in approximate calculations, numerical analysis, optimization,
and many fields of applied science. In particular, Hermite-Hadamard, Jensen, Holder, and
Minkowski type inequalities are closely related to convexity theory and offer powerful tools
for controlling the average behavior of functions. These inequalities are widely used not
only in theoretical analysis but also in differential equations, probability theory, economics,
and engineering applications.

The concept of convexity is central to the theory of inequalities, and results obtained from
classical convex functions have been extended over time to different generalizations. In this
context, various types of convexity, such as s−convexity, m−convexity, (α,m)−convexity,
and exponentially convexity, have gained significant importance in the literature. Ex-
ponentially convex functions, in particular, emerge as a natural generalization of loga-
rithmic and exponential structures, offering more flexible modeling possibilities in both
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theoretical and applied problems. Therefore, the study of integral inequalities under dif-
ferent classes of convexity has become a research topic of intense interest in recent years (
[2, 6, 8, 10,13,14,16–18,21–23]).

On the other hand, fractional analysis is a branch of analysis that is based on the
generalization of classical derivative and integral concepts and stands out as a powerful tool,
especially in modeling systems exhibiting non-local behavior and memory effects. Fractional
integral operators, unlike classical integral operators, allow for the construction of more
realistic models by taking into account past-dependent effects and spatial interactions.
In addition to classical fractional operators such as Riemann-Liouville and Caputo, new
fractional integral operators containing more general kernel functions have been defined in
recent years, and numerous new inequalities have been obtained using these operators.

Within this general framework, Raina fractional integral operators emerge as an impor-
tant structure bridging the gap between special function theory and fractional analysis.
These operators offer a broader class encompassing classical fractional operators through
generalized hypergeometric functions and Mittag-Leffler type kernels. In this respect, Raina
operators are a highly effective tool for generalizing integral inequalities and obtaining new
upper bounds.

In recent years, numerous studies have focused on investigating Hermite-Hadamard type
inequalities under different convexity classes using fractional integral operators. These
studies have contributed both to the extension of classical results and to the derivation of
sharper and more general inequalities. However, studies that consider exponentially convex
functions together with Raina fractional integral operators are still limited, indicating a
significant research gap in the literature. Now, we are in a position to give some important
concepts that will be beneficial for our main findings.

Definition 1.1. (Exponentially Convex Function): (See [3]) f : K ⊆ R → R be a
function and said to be exponentially convex function if satisfies the following condition

f((1 − ι1)η + ι1θ) ≤ (1 − ι1)f(η)
eνη

+ ι1
f(θ)
eνθ

for all η,θ ∈ I ,ι1 ∈ [0,1] and ν ∈ R.

Definition 1.2. ((m1,m2)−Convex Function): (See [11]) For m1,m2 ∈ (0, 1], a function
g : [0, v] → R be a (m1,m2) −convex function if

g(m1wx+m2(1 − w)y) ≤ m1wg(x) +m2(1 − w)g(y)

for all x, y ∈ [0 , v] and w ∈ [0, 1].

Definition 1.3. (Exponentially (m1,m2) −Convex Function): (See [4]) A mapping g
:I = [0, v] → R, v > 0 is called an exponentially (m1,m2) −convex function, if

g(m1wa1 +m2(1 − w)a2) ≤ m1w
f(a1)
eλa1

+m2(1 − w)f(a2)
eλa2

for all m1a1,m2a2 ∈ I ,w ∈ [0, 1] and λ ∈ R,m1,m2 ∈ (0, 1].
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Definition 1.4. (Mittag-Leffler Function): (See [7]) The function

Eα(ι) =
∞∑

k=0

ικ

Γ(aκ+ 1) (Re(α) > 0, ι ∈ C)

is called as Mittag-Leffler function.

The Maclaurin series expansion of the exponentially function is given by

ex =
∞∑

k=0

xk

k! .

By generalizing this series, for ℜ(α) > 0, one obtains the function

Eα(x) =
∞∑

k=0

xk

Γ(αk + 1) .

This function can be regarded as a natural generalization of the exponentially function and
plays a fundamental role in fractional calculus. In particular, when α = 1, the classical
exponentially function is recovered, i.e.,

E1(x) = ex.

Therefore, the function Eα(x) is known in the literature as the one-parameter Mittag–Leffler
function and is widely used in fractional differential equations and integral operators.

Definition 1.5. (Raina Fractional Integral Operator)
Let ρ, λ > 0 and let σ = {σ(k)}∞

k=0 be a bounded sequence of positive real numbers. Then,
the function

Fσ
ρ,λ(x) =

∞∑
k=0

σ(k)
Γ(ρk + λ)x

k, (|x| < ∞),

is called the generalized function associated with the Raina operator.
Let ϕ(τ) be an integrable function. The left-sided generalized fractional integral operator

is defined by

(Jσ
ρ,λ,a+;ωϕ)(x) =

∫ x

a
(x− τ)λ−1Fσ

ρ,λ

(
ω(x− τ)ρ)ϕ(τ) dτ, (x > a > 0),

and the right-sided generalized fractional integral operator is defined by

(Jσ
ρ,λ,b−;ωϕ)(x) =

∫ b

x
(τ − x)λ−1Fσ

ρ,λ

(
ω(τ − x)ρ)ϕ(τ) dτ, (0 < x < b).

These operators were introduced by Raina in [19].

For more information about fractional calculus see the papers [1, 9, 12,19,20,24].
The main objective of this study is to obtain new integral inequalities for exponentially

convex functions using Raina fractional integral operators. In this context, the properties
of suitable integral structures under exponentially convexity are first examined, and then
new Hermite-Hadamard type inequalities are derived using this structure. It is shown that
the obtained results can be reduced to classical inequalities under appropriate parameter
choices, thus revealing the generalizing nature of the results. Furthermore, the contribution
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of this study is highlighted by comparing the obtained inequalities with similar results in
the literature.

This study contributes to obtaining new and more general inequalities through Raina
fractional integral operators by combining fractional analysis with convexity theory. In this
respect, it is believed that the results offer an important framework that can be used in
both theoretical mathematics and applied fields.

2. Main results

Lemma 2.1. (See [25]) Let ξ1 < ξ2 and let υ : [ξ1, ξ2] → R be a differentiable function on
(ξ1, ξ2) such that υ′ ∈ L[ξ1, ξ2]. Then the following identity holds:

υ(ξ1) + υ(ξ2)
2 − 1

4κ1
(
ψ(ξ2) − ψ(ξ1)

)λ1
κ1 F

σ1,κ1
ρ1,λ1+κ1

(
ω1(ψ(ξ2) − ψ(ξ1))ρ1

)
×
[
(Jσ1,κ1,g

ρ1,λ1,ξ2−;ω1
υ)(ξ1) + (Jσ1,κ1,g

ρ1,λ1,ξ1+;ω1
υ)(ξ2)

]
= ξ2 − ξ1

4
(
ψ(ξ2) − ψ(ξ1)

)λ1
κ1 F

σ1,κ1
ρ1,λ1+κ1

(
ω1(ψ(ξ2) − ψ(ξ1))ρ1

)
×
∫ 1

0
Σσ1,κ1

ρ1,λ1,g(ζ)υ′(ζξ1 + (1 − ζ)ξ2) dζ.

Theorem 2.1. Let λ1, ρ1 > 0, ω1 ∈ R and let σ1 = {σ1(k)}∞
k=0 be a sequence of non-negative

real numbers. Let ξ1 < ξ2 and let υ : [ξ1, ξ2] → R be a differentiable function on (ξ1, ξ2)
such that υ′ ∈ L[ξ1, ξ2]. If |υ′| is (m1,m2) −exponentially convex on [ξ1, ξ2], m1,m2 ∈ (0, 1),
where q ≥ 1, then the following inequality holds:

∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][ ∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]

×

ζ
∣∣∣υ′( ξ1

m1
)
∣∣∣

e
ω1

ξ1
m1

+
(1 − ζ)

∣∣∣υ′( ξ2
m2

)
∣∣∣

e
ω1

ξ2
m2

 dζ
+
∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
×

ζ
∣∣∣υ′( ξ1

m1
)
∣∣∣

e
ω1

ξ1
m1

+
(1 − ζ)

∣∣∣υ′( ξ2
m2

)
∣∣∣

e
ω1

ξ2
m2

 dζ].
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Proof. By Lemma 2.1 and the properties of the absolute value, we have

∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][ ∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]
×
∣∣υ′(ζξ1 + (1 − ζ)ξ2)

∣∣ dζ
+
∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
×
∣∣υ′(ζξ1 + (1 − ζ)ξ2)

∣∣ dζ].
Since |υ′| is (m1,m2) −exponentially convex on [ξ1, ξ2], we get

∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣ ≤

ζ
∣∣∣υ′( ξ1

m1
)
∣∣∣

e
ω1

ξ1
m1

+
(1 − ζ)

∣∣∣υ′( ξ2
m2

)
∣∣∣

e
ω1

ξ2
m2

.

Substituting this estimate into the previous inequality yields

∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][ ∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]

×

ζ
∣∣∣υ′( ξ1

m1
)
∣∣∣

e
ω1

ξ1
m1

+
(1 − ζ)

∣∣∣υ′( ξ2
m2

)
∣∣∣

e
ω1

ξ2
m2

 dζ
+
∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
×

ζ
∣∣∣υ′( ξ1

m1
)
∣∣∣

e
ω1

ξ1
m1

+
(1 − ζ)

∣∣∣υ′( ξ2
m2

)
∣∣∣

e
ω1

ξ2
m2

 dζ].
This is the desired result. Hence, the proof is completed. □

Theorem 2.2. Let λ1, ρ1 > 0, ω1 ∈ R and let σ1 = {σ1(k)}∞
k=0 be a sequence of non-negative

real numbers. Let ξ1 < ξ2 and let υ : [ξ1, ξ2] → R be a differentiable function on (ξ1, ξ2) such
that υ′ ∈ L[ξ1, ξ2]. If |υ′|q is (m1,m2) −exponentially convex on [ξ1, ξ2], m1,m2 ∈ (0, 1),
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where q > 1 and 1
p + 1

q = 1, then the following inequality holds:∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][(∫ 1

0

∣∣∣(1 − ζ)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]∣∣∣p dζ) 1
p

×

∫ 1

0

ζ|υ′( ξ1
m1

)|q

e
ω1

ξ1
m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

e
ω1

ξ2
m2

 dζ
 1

q

+
(∫ 1

0

∣∣∣ζλ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1ζρ1

]∣∣∣p dζ) 1
p

×

∫ 1

0

ζ|υ′( ξ1
m1

)|q

e
ω1

ξ1
m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

e
ω1

ξ2
m2

 dζ
 1

q ]
.

Proof. By Lemma 2.1 and the properties of the absolute value, we have∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][ ∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]
×
∣∣υ′(ζξ1 + (1 − ζ)ξ2)

∣∣q dζ
+
∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
×
∣∣υ′(ζξ1 + (1 − ζ)ξ2)

∣∣q dζ].
Applying Hölder’s inequality to each integral gives∣∣∣∣∣υ(ξ1) + υ(ξ2)

2 −
(Jσ1

ρ1,λ1,ξ1+;ω1
υ)(ξ2) + (Jσ1

ρ1,λ1,ξ2−;ω1
υ)(ξ1)

2(ξ2 − ξ1)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][(∫ 1

0

∣∣∣(1 − ζ)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]∣∣∣p dζ) 1
p

×
(∫ 1

0

∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣q dζ) 1

q

+
(∫ 1

0

∣∣∣ζλ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1ζρ1

]∣∣∣p dζ) 1
p

×
(∫ 1

0

∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣q dζ) 1

q

]
.
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Since |υ′q| is (m1,m2) −exponentially convex on [ξ1, ξ2], we obtain

∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣q ≤

ζ|υ′( ξ1
m1

)|q

e
ω1

ξ1
m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

e
ω1

ξ2
m2

.

Therefore,

(∫ 1

0

∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣q dζ) 1

q

≤

∫ 1

0

ζ|υ′( ξ1
m1

)|q

e
ω1

ξ1
m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

e
ω1

ξ2
m2

 dζ
 1

q

.

Substituting this estimate into the previous inequality, we get∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][(∫ 1

0

∣∣∣(1 − ζ)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]∣∣∣p dζ) 1
p

×

∫ 1

0

ζ|υ′( ξ1
m1

)|q

e
ω1

ξ1
m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

e
ω1

ξ2
m2

 dζ
 1

q

+
(∫ 1

0

∣∣∣ζλ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1ζρ1

]∣∣∣p dζ) 1
p

×

∫ 1

0

ζ|υ′( ξ1
m1

)|q

e
ω1

ξ1
m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

e
ω1

ξ2
m2

 dζ
 1

q ]
.

This is the desired result. Hence, the proof is completed. □

Theorem 2.3. Let λ1, ρ1 > 0, ω1 ∈ R and let σ1 = {σ1(k)}∞
k=0 be a sequence of non-negative

real numbers. Let ξ1 < ξ2 and let υ : [ξ1, ξ2] → R be a differentiable function on (ξ1, ξ2) such
that υ′ ∈ L[ξ1, ξ2]. If |υ′|q is (m1,m2) −exponentially convex on [ξ1, ξ2], m1,m2 ∈ (0, 1),
where q ≥ 1 and 1

p + 1
q = 1, then the following inequality holds:∣∣∣∣∣υ(ξ1) + υ(ξ2)

2 −
(Jσ1

ρ1,λ1,ξ1+;ω1
υ)(ξ2) + (Jσ1

ρ1,λ1,ξ2−;ω1
υ)(ξ1)

2(ξ2 − ξ1)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][(∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]
dζ

)1− 1
q

×

(∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

] [ζ|υ′( ξ1
m1

)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

]
dζ

) 1
q

+
(∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
dζ

)1− 1
q

×

(∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

] [ζ|υ′( ξ1
m1

)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

]
dζ

) 1
q
]
.
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Proof. By Lemma 2.1 and the properties of the absolute value, we have

∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][ ∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]
×
∣∣υ′(ζξ1 + (1 − ζ)ξ2)

∣∣q dζ
+
∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
×
∣∣υ′(ζξ1 + (1 − ζ)ξ2)

∣∣q dζ].

Using the power-mean inequality, we get

∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

] ∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣ dζ

≤
(∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]
dζ

)1− 1
q

×
(∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

] ∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣q dζ) 1

q

.

Similarly,

∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

] ∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣ dζ

≤
(∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
dζ

)1− 1
q

×
(∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

] ∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣q dζ) 1

q

.

Since |υ′q| is (m1,m2) −exponentially convex on [ξ1, ξ2], we have

∣∣υ′(ζξ1 + (1 − ζ)ξ2)
∣∣q ≤

ζ|υ′( ξ1
m1

)|q

e
ω1

ξ1
m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

e
ω1

ξ2
m2

.
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Substituting this estimate into the preceding inequalities yields∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][(∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]
dζ

)1− 1
q

×

(∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

] [ζ|υ′( ξ1
m1

)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

]
dζ

) 1
q

+
(∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
dζ

)1− 1
q

×

(∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

] [ζ|υ′( ξ1
m1

)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

]
dζ

) 1
q
]
.

This is the desired inequality. Hence, the proof is completed. □

Theorem 2.4. Let λ1, ρ1 > 0, ω1 ∈ R and let σ1 = {σ1(k)}∞
k=0 be a sequence of non-negative

real numbers. Let ξ1 < ξ2 and let υ : [ξ1, ξ2] → R be a differentiable function on (ξ1, ξ2) such
that υ′ ∈ L[ξ1, ξ2]. If |υ′|q is (m1,m2) −exponentially convex on [ξ1, ξ2], m1,m2 ∈ (0, 1),
where q > 1 and 1

p + 1
q = 1, then the following inequality holds:∣∣∣∣∣υ(ξ1) + υ(ξ2)

2 −
(Jσ1

ρ1,λ1,ξ1+;ω1
υ)(ξ2) + (Jσ1

ρ1,λ1,ξ2−;ω1
υ)(ξ1)

2(ξ2 − ξ1)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][1
p

∫ 1

0

∣∣∣(1 − ζ)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]∣∣∣p dζ
+ 1
q

∫ 1

0

[
ζ|υ′( ξ1

m1
)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

]
dζ

+ 1
p

∫ 1

0

∣∣∣ζλ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1ζρ1

]∣∣∣p dζ
+ 1
q

∫ 1

0

[
ζ|υ′( ξ1

m1
)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

]
dζ

]
.

Proof. By Lemma 2.1 and the properties of the absolute value, we have∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][ ∫ 1

0
(1 − ζ)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]
|υ′(ζξ1 + (1 − ζ)ξ2)|q dζ

+
∫ 1

0
ζλ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1ζρ1

]
|υ′(ζξ1 + (1 − ζ)ξ2)|q dζ

]
.

Applying Young’s inequality

ab ≤ ap

p
+ bq

q
,

1
p

+ 1
q

= 1,
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to both integrals, we obtain∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][1
p

∫ 1

0

∣∣∣(1 − ζ)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]∣∣∣p dζ
+ 1
q

∫ 1

0
|υ′(ζξ1 + (1 − ζ)ξ2)|q dζ

+ 1
p

∫ 1

0

∣∣∣ζλ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1ζρ1

]∣∣∣p dζ
+ 1
q

∫ 1

0
|υ′(ζξ1 + (1 − ζ)ξ2)|q dζ

]
.

Since |υ′q| is (m1,m2) −exponentially convex on [ξ1, ξ2], we have

|υ′(ζξ1 + (1 − ζ)ξ2)|q ≤
ζ|υ′( ξ1

m1
)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

.

Therefore,∣∣∣∣∣υ(ξ1) + υ(ξ2)
2 −

(Jσ1
ρ1,λ1,ξ1+;ω1

υ)(ξ2) + (Jσ1
ρ1,λ1,ξ2−;ω1

υ)(ξ1)
2(ξ2 − ξ1)λ1Fσ1

ρ1,λ1+1
[
ω1(ξ2 − ξ1)ρ1

] ∣∣∣∣∣
≤ ξ2 − ξ1

Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1

][1
p

∫ 1

0

∣∣∣(1 − ζ)λ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1(1 − ζ)ρ1

]∣∣∣p dζ
+ 1
q

∫ 1

0

[
ζ|υ′( ξ1

m1
)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

]
dζ

+ 1
p

∫ 1

0

∣∣∣ζλ1Fσ1
ρ1,λ1+1

[
ω1(ξ2 − ξ1)ρ1ζρ1

]∣∣∣p dζ
+ 1
q

∫ 1

0

[
ζ|υ′( ξ1

m1
)|q

eω1
ξ1

m1

+
(1 − ζ)|υ′( ξ2

m2
)|q

eω1
ξ2

m2

]
dζ

]
.

This is the desired inequality. Hence, the proof is completed. □

Conclusion

In this study, new integral inequalities for exponentially convex functions are obtained
using Raina fractional integral operators. First, the fundamental properties of functions
under the concept of exponentially convexity are examined, and integral structures suitable
for this class of functions are defined. Then, new Hermite-Hadamard type inequalities are
derived using the generalized framework provided by Raina fractional integral operators.
These inequalities can be reduced to classical results under appropriate parameter choices
and encompass many known inequalities in the literature as special cases.

The results clearly demonstrate that fractional integral operators, especially Raina-type
operators, are a highly effective tool in generalizing integral inequalities. Thanks to the
flexible parameter structure of these operators, it is possible to obtain results valid for a
wider class of functions by going beyond the classical convexity assumptions. This provides
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both a more comprehensive theoretical analysis opportunity and increases the modeling
capacity for different application areas.

In terms of future research, it is possible to extend the approach discussed in this study
under different types of convexity (e.g., h-convexity, Godunova-Levin type convexity, and
logarithmic convexity). Furthermore, the investigation of variable-order versions of Raina
fractional integral operators can contribute to obtaining more general and realistic models.
In addition, the application of the obtained results in fields such as numerical analysis,
optimization, and differential equations is an important research direction.

In conclusion, this study contributes to the development of new integral inequalities
through Raina fractional integral operators by combining fractional analysis with convexity
theory, and provides a solid foundation for further research in this field.
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