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HERMITE-HADAMARD TYPE INEQUALITIES FOR *—CONVEX AND
*—P CLASS FUNCTIONS VIA NON-NEWTONIAN CALCULUS

ESRA TUYSUZOGLU' AND ALPER EKIiNCi?

ABSTRACT. In this paper, we establish Hermite-Hadamard type inequalities for *—convex
functions as well as for functions belonging to the x—P class within the framework of Non-
Newtonian calculus. By employing a key identity involving x—differentiable functions, we
derive several new inequalities and obtain a variety of corollaries corresponding to classical
special cases such as log-convex, GA-convex, GG-convex, AH-concave, HA-convex, and
HH-concave functions. The results not only generalize existing inequalities but also provide
a unified approach that extends several known results in the literature.

1. INTRODUCTION

Convexity plays a fundamental role in mathematical analysis and optimization theory.
It provides a powerful framework for studying the behavior of functions, particularly in
establishing inequalities and estimating integral bounds. A function is said to be convex if
its graph lies below the line segment connecting any two points on the graph.

Mathematically, a function f : [a,b] — R is convex if the following inequality holds:

fQa+ (1 =Ny < Af(2) + (1 =N f(y),

for all z,y € [a,b] and X € [0, 1].

Convex functions satisfy several important integral inequalities. One of the most classical
results in this context is the Hermite-Hadamard inequality, which provides bounds for the
integral average of a convex function.

If f:]a,b] — R is convex, then the following double inequality holds:

f<a—2|—b> /f ) di < ()+f()
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A comprehensive account of the early developments on Hermite-Hadamard type inequal-
ities can be found in [3]. The classical result has since been extended to broader convexity
classes such as s-convex [20], m-convex [21], and (a, m)-convex functions [22], together with
identity-based estimates for differentiable mappings [19]. More recent studies employ various
fractional integral operators — conformable [23], variable-order [28], Atangana—Baleanu [7],
k-Atangana-Baleanu [18], and Katugampola [29] — while Simpson [6], Hermite-Hadamard—
Jensen—Mercer [25], and Steffensen [21] type results have been obtained for several classes
of convex functions.

In the following, we present the definition of functions belonging to the class P([I).

Definition 1.1. Let I C R be an interval. A function f : I — R is said to belong to the
class P(I) (or briefly, f € P(I)) if f is nonnegative and satisfies

flte + (1 =t)y) < f(z) + [(y) (1.1)
for all z,y € I and t € [0, 1].

Convexity can also be extended in a multiplicative sense, leading to the concept of
log-convexity, which plays an important role in various inequalities.

Definition 1.2. [8] A function f : I — [0,00) is said to be log-convex (or AG-convex) if
In f is convex. Equivalently, for all z,y € I and ¢ € [0, 1], the following inequality holds:

f e+ (1 —t)y) < [f@)] [fp)

Log-convex functions satisfy a refined version of the Hermite-Hadamard inequality ex-
pressed in logarithmic form [3].

Theorem 1.1. Let f : [ — [0,00) be a log-convex function on [a,b]. Then the following
inequality holds:

ln{f(a;‘b)]_b_ /lnf 1nf( )—glnf(b).

It is useful to recall the notion of a mean function, which plays a central role in generalized
convexity concepts. [2]

Definition 1.3. A mapping M : (0,00) x (0,00) — (0,00) is called a mean function if it
satisfies the following properties:

(i) M(z,y) = M(y,z),

(i) M(z,z) = =,

(iii) * < M(x,y) < y whenever x < y,
(iv) M(ax,ay) = aM (z,y) for all a > 0.

Some classical examples of mean functions are listed below:

e Arithmetic mean: A(z,y) = r ; y7

e Geometric mean: G(x,y) = /2y,
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1

A(Ll)

Using mean functions, one can define a generalized notion of convexity as follows [2].

e Harmonic mean: H(z,y) =

Definition 1.4. Let f : I — (0,00) be a continuous function, where I C (0,00). Let M and
N be two mean functions. Then f is said to be M N-convex (respectively, M N-concave) if

f(M(z,y)) < (Z)N (f(2), f(y))

for all x,y € 1.
For some publications on convexity with respect to means, one may refer to [1,9-12].

In [19] Kavurmaci et al. gave the following inequality for convex functions:

Theorem 1.2. Let f: I C R — R be a differentiable mapping on I° such that ' € L{a,b],
where a,b € I with a < b. If |f'| is convez on [a,b], then the following inequality holds:

b—a
(z —a)’ \f’(x)|+2|f’(a)!]+(b—$)2 [\f’($)|+2|f/(b)\
- b—a 6 b—a 6
for each x € [a,b].

b
(b—2)f(b)+ (x—a)f(a) 1
- b_aa/f(u)du

2. PRELIMINARIES ON NON-NEWTONIAN CALCULUS AND NON-NEWTONIAN CONVEXITY

Non-Newtonian calculus, introduced by Grossman and Katz [16], generalizes classical
analysis by replacing standard arithmetic operations with alternative ones generated by
a pair of bijective functions a and (8, where « acts on arguments and (§ acts on values.
The resulting *-calculus encompasses classical calculus as the special case a« = § = I, and
yields geometric calculus when B(z) = e®. This flexible structure makes it particularly
well-suited for modeling phenomena of a multiplicative or exponential nature that resist
classical treatment. Extensive background on non-Newtonian and multiplicative calculus is
available in [3-5, 13-17,26,27].

Given a generator o defined on a subset A C R, we construct the a-arithmetic over the
realm A by defining the following operations:

a-addition y+z =a(ay)+a1(z)

a-subtraction y—z =a(aHy) —a ()

c-multiplication yxz = a(a t(y) x a71(2)) (2.1)
a-division Y / z =« (%&) , 2#0

a-order y<z = al(y) <al(z)

We say that a generates a-arithmetic. As special cases, the identity function I recovers
classical arithmetic, while a(x) = e* yields geometric arithmetic. Given two generators «
and 3, the pair * = (@-arithmetic, S-arithmetic) defines the *-calculus, where a-arithmetic
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governs function arguments and S-arithmetic governs function values. For a real number a,
we use the shorthand notations @ = a(a), @ = B(a), and a = a~'(a).

Definition 2.1 (x-Limit). Let f be a function and a € A. A value b € B is called the *-limit
of f at a if, for every sequence {a,} of arguments of f distinct from a that a-converges to
a, the sequence { f(a,)} [-converges to b. In this case we write

« lim f(z) =b. (2.2)
Moreover, if f(z) = 7 {f(a(z))}, then
lim £(o) = 5 { i Fo) }. (23

Definition 2.2 (x-Continuity). A function f is *-continuous at a point a € A if and only if
a is in the domain of f and

- lim f(z) = f(a). (2.4)

r—a

Definition 2.3 (*-Derivative). Let t(z) = S{a"!(x)} denote the isomorphism from a-
arithmetic to S-arithmetic. The *-derivative of f at a point a is defined as
[ f(z) = f(a) }

* =x%-1 —_— 2.5
(a) = et { T (25)
provided the limit exists. When both f* and the classical derivative f exist, they are related
by

F@)=p{f (@)} (2:6)

Definition 2.4 (Transformation Operator T [14]). Let f: R — R be a classically defined
function. Its *-calculus counterpart f : R, — Rg is obtained via the operator 1" defined by

@) = (Tf)(@) = B(Fla™ (@) (2.7)
The inverse operator 7! recovers f from f via
fla) = (T~ f)(x) = 871 (f(a(2))) . (2.8)

We call f the %-calculus counterpart of f.

Definition 2.5 (x-Composition [14]). For functions f, g : R, — Rg, the x-composition fog
is defined by

(fo9)(@) = (a8 (9(2)))) = Flg(@)), (29)

where (-) denotes the composition delimiter. If f o g exists in classical calculus, then

fog=T[fo3q). (2.10)

Definition 2.6 (x-Integral). The x-integral of a *-continuous function f on [r, s is defined
% S

via the x-average M, f of f on [r, s] as

« [ £ =lula) = )] %01, 1. (2.11)
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When f is *-continuous on [r, 3] and f is continuous on [7, 5], the x-integral relates to the
classical integral by

*/Tsf(x) dax:ﬁ{/:f(m) d:c}, (2.12)
where f( ) = B~ H f(alx))}.

Theorem 2.1 (Second Fundamental Theorem of %-Calculus [16]). Let h be a *-differentiable
function whose x-derivative h* is x-continuous on [r,s]. Then

/ W (2) oz = h(s) = h(r). (2.13)

Theorem 2.2 (x-Chain Rule [11]). Let I, J C R, be open intervals, f : I — Rg, g: J — Rg,
with T~ f(I)} C J. If f is *-differentiable at xo € I and g is *-differentiable at T~ { f(x0)},
then gof is x-differentiable at xo with

(95)"(20) = (978 f)(z0) X f*(z0)- (2.14)
Equivalently, if (go f)'(x) exists, then
(95£)"(z0) = T(g o f)'(x0)- (2.15)

Theorem 2.3 (x-Substitution Rule [11]). Let ¢ : [a,b] C Ry — I C Rg be *-differentiable
with a *-continuous derivative, and let f : I — Rg be x-continuous. Then
b . (D)
\ / (f50)(2) % 0" (2) do = * / F(u) dou. (2.16)
a v~ (p(a))
Theorem 2.4 (xIntegration by Parts [14]). Let f,g : [a,b] C Ry — I C Rg be *-
differentiable with x-continuous derivatives. Then

b . . .
S IR @ =500 (F9@+ [ Fe (27)

Definition 2.7. [17,20] Let I, be an interval in R,. Then, f : I, — Rg is said to be

*-CONnvex on [d,b] if

f(Exat (124) xb) Zixf (@) + (124) 3 f (b) (2.18)

holds, where ¢ € [0,1] and a,b € R with a < b. If the above inequality is reversed, then f is
said to be x-concave. (2.18) can be stated in classical arithmetic as

BHf(alta+ (1 —=0)b)} <87 {f (@)} + (1= 1) 571 {f (b))} - (2.19)

From the definition, one can easily see that if f : [a,b] C I, — Rand f:[a,b] C T — R

are functions such that
F) = 57 {f (@)}

then f is x-convex on [a,b] if and only if f is classically convex on [a, b].
Theorem 2.5. [I1] Let f : [a,b] C I, — R be a x-convex function on [a,b]. Then the
following hold true:

(a) If a(x) = x and B(x) = €%, then f is log-convex or AG-convex on |a,b].
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(b) If a(x
(c) If a(x
(d)

() nd f(x) = x, then f is GA-convex on [a,b].
(2)
d) If a(x)
(z) =
()

( ) =€, then f is GG-convex on [a,b].
and f(x) = % and f([a,b]) C Ry, then f is AH-concave on [a,b].

I
a\H& mm

(e) If a(x and f(x) = x, then f is HA-convex or harmonically convezr on |a,b].

(f) If a(z) = B(z) = % and f(la,b]) C Ry, then f is HH-concave on [a,b).

Definition 2.8. Let I, be an interval in R,. Then, f : I, — Rg is said to be x-p class on
[a,b] if

f(E%at (i) xb) £ (a) 47 (b) (2.20)
holds, where ¢ € [0,1] and a,b € R with a < b. If the above inequality is reversed, then f is
said to be x-p class concave. (2.20) can be stated in classical arithmetic as

B (a(ta+ (1 =1)b)} < B7H{f (ala))} +B7H{S (b))} (2.21)

From the definition, one can easily see that if f: [a,b] C I, — Rand f:[a,b] C T — R
are functions such that

flz) = p7H{f (a(2))}, )

then f is *-p class on [a, b] if and only if f is classically p class on [a, b].

3. MAIN RESULTS

In this section, we establish two Hermite-Hadamard type inequalities for x-differentiable
functions, one for *-convex and one for *-P functions. Since *-convexity is a general notion
of convexity that unifies many classical convexity concepts through suitable choices of
the generators a and 3, the resulting inequalities simultaneously contain, as special cases,
corresponding results for several classes of functions such as log-convex, GA-, GG-, AH-,
HA-, and HH-convex functions.

The following lemma provides the fundamental identity upon which our main theorems
are based.

Lemma 3.1. Let f : I C R, — Ry be a *x-differentiable mapping on I° and a,b € I° with
a<b. Then

() () + @) <f@ . 1
(ba) : _<Bld): X *a/f(a:) dox
x"a,)i i e () 2
- X % i+ (1-t) xa) dat
R
(bl‘ 2

. i
(b a) x*o/ 1 t ><f txa‘c+(i;t)>'<b)dat
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Proof. We begin by computing the sum I+, where

i
*/ (£21) % (txa + (17t) %a) dat
0
i
ix / (124) 7 (t5 + (120) %b) dat
0
= LD,
Applying *-composition (2.9), we have
f*(txi+ (1-t) xa) = feB (tz + (1 —t) a), (3.1)

and by the *-chain rule (2.14), we obtain

[fop (te + (L =B a)]” _ [foB(tz+ (1~ 1) a)]"

f <B(t$+(1_{> )> (ﬁ(t:c—i—(l—f) )) - B{:L’—CL} (32)
Hence I; takes the form
n=p{—1x / %138 (f+ (1= D) )" d

An application of *-integration by parts (Theorem 2.4) gives

e e e e
0

Using the *-substitution rule (Theorem 2.3), we have

sl (L) froos

Proceeding analogously for I, we obtain

b ()i )7 () 5 [

Multiplying I; and Is by their corresponding coefficients and adding, we get the desired
result. g
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Theorem 3.1. Let f : I C R, — Rg be a x—differentiable mapping on I° and a,b € I° with

a<b. If |f*]ﬁ is *—conver on [a,b], then the following inequality holds:

(b=a) 2 (b) +@-w) %f@ . 1
(B;d) D — (?ﬁd) DX */f(x) dox

“ B

Sﬁ(b) (17 @) F2% 11 (@)l 5)

i M 7 (b)‘ﬁ) .

where & € [a, b].

Moreover, if the function f(x) = B~ {f (a(z))} exists and is integrable on [a,b] with

x-convexity of |f*| on [a,b], then the following inequality holds:

where x € [a,b].

Proof. Applying Lemma 3.1 and taking the S-modulus, we have

(b=a) xf (b) +a-a) S @) . 1 g

) L & % *d/f(x) do

I:

B

X f*(txd 4+ (1-t) xa) dat

IN
—~
7
S
~—
[\o}
X
*
o-\’_‘.
N

B

i <b$> L% */(1 £) % (txi + (121) %b) dat

. i
z (a: i) X*/ X |f* (txi + (1) xa)| 5 dat
0

(txi + (1-1) xb) ‘5 dat.

(3.3)
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Since |f*|4 is *-convex on [a, b], we have

NC AT - A D B
I< S5 x | * [ (1=t) xXtdat | ¥ [f* ()]

(b—a) 0/( ) g
C@ta)? L[

0

i (b-a) | (I;f)zdat x1f (@)l

1
i =) L X */(1—15) Shdat | % £ (3)] 5
0

x| o

(120)" dat | 5

£ ()],

Evaluating the *-integrals and combining like terms, we obtain

o

. (32a)
=5 (b-a
6o

+ m X (|f* ()| F2x

which completes the proof.

3 % (157 ()], 2% 1 £ (@)

r)l,)

O

Remark 3.1. If we set @« = = I in (3.3)then |f| becomes convex on [a,b] and we obtain
the inequality in Theorem 1.2.

Corollary 3.1. If we set a« = I, 3 = exp in (3.3) then f becomes log-convez, equivalently
AG-convez on [a,b] and we have

(b—2)In f(b) 4+ (z —a)ln f(a) 1 b

‘ A —b_a/(llnf(a:)dx

(z —a)® [| f(2) f'(a) (b—2)* [ f'(z) f'(b)
< =o' 27w+ so=s | 7o | 2 7

where x € [a,b].

Corollary 3.2. If we take a = exp and B =1 in (3.3) and apply the change of variables

T+ Inx, a—Ina, b+ Inb,
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then |f| becomes GA-convex on [a,b], and we obtain the following inequality:

In(b/x) f(b) +In(z/a) f(a) 1 P
" In(b/a / t dt

In(b/a)
i (x/a) ,
< B LY L@+ 2l @]
n2 x
o Gl @+ 2 0]

where x € [a,b).
Corollary 3.3. If we take a = 8 = exp in (3.3) and apply the change of variables
r—Inx, a+—Ina, b Inb,

then | f| becomes GG-convex on [a,b], and we obtain the following inequality:

du

In(b/z)In f(b) + In(z/a)In f(a) 1 /b In f(u)
In(b/a) In(b/a) Jo u

In%(z/a) ;Uf’ af'(a)

61n(b/a) 2 f(a) }
In®(b/x) wf’( ) bf'(b)

+6m<ﬂw{ 2o |

161

Corollary 3.4. If we set o« = I, f(xz) = = in (3.3) then |f| becomes AH-concave on [a,b]

X
and we have

| b—x N r—a 1 /b dx
(b—a)f(b) (b—a)f(a) b—ala f(x)
(z—a)® [|f(z 2!f’a!
= 6w—a>h n]
(b—x)? [|f(2)] 2If’(bl

+ﬂb—a)hf(ﬂ [fwn}

where x € [a,b].

Corollary 3.5. If we take o = % and B =z in (3.3) and apply the change of variables

1 1
T —, a— —, b—
x a

)

S =
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then | f| becomes HA-convex on [a,b], and we obtain the following inequality:

(b—ﬂgg)cf(b) + (I—Zif(a) ab /b Ft)
_ dt
o ak o
(x —a)?b

S o= aya [V @12 @]

(b—2)%a

+6(b —a)bx?

[221f ()] + 2071 £/ 0)]
where x € [a,b].

Corollary 3.6. If we take o = = % in (3.3) and apply the change of variables

1 1 1
T —, a— —, b— —,
T a b

then |f| becomes HH-concave on [a,b], and we obtain the following inequality:

a(b— ) bx—a)  ab boodt
2o —a)f(®) " 2(b—a)f(a) =7 2F (1)

(z —a)? lwz\f’(x)l n 2a2!f'(a)]
6(b —a)ax? | [f(2)]? [f(a))?

(b—2)%a [x?!f’(x)\ N 2be’(6)!]
6(b —aba? [ [f@F 0P

<

_|_

where x € [a,b].
Theorem 3.2. Let f : I C R, — Rg be a x—differentiable mapping on I° and a,b e I° with

a<b. If |f*]5 is *-p class on [a, f)}, then the following inequality holds:

(b=a) xf (b) +@-a) f @) . 1 g

) L ) L% x / f (2) da

_Q((b_)) (1 @) 1 @),)

e \2
TG M (177 @)+

r),)

where @ € [a, b].
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Moreover, if the function f
class property of |f*|5 on [a ,b], then the following inequality holds:

(b—z)f )+ (z —a)
b—a Cbh— a/f
r—a £l el b—=x i} 7l
= ;(b—;)[ @)+ (“)HjLé(b—i)[ @)+ |7 @]

where x € [a,b).

Proof. Applying Lemma 3.1 and taking the S-modulus, we have

(b=i) %r (b) + @@y sf@ . 1 .
I= e Xk | (@) da
) R
2 (g“b‘_z);: oo (1) 557 (x4 (1) %) dat
0 8
i <(bbi)> :x*/(l £) % (txi + (151) xb) dat
0 B
. E“"bz)) x*/ | (ki + (154) xa)| y da
0

163

() = B~ H{f (a(x))} exists and is integrable on [a,b] with *-P
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Evaluating the x-integrals and combining like terms, we obtain

15 (..:?. (1F7 @)l F 1 (@) )

which completes the proof. ]

Corollary 3.7. If we set « = =1 in (3.4), then |f| becomes P class on [a,b] and we have

b
(b—2)f(b) + (z —a)f(a) 1
b—a 7b—a/f(x)dx

a

< CZ9 i pw) 1 1f @)
~ 2(b—a)

(b—=z

2
s (£ @I+ )]

where x € [a,b].

Corollary 3.8. If we set a« = I, = exp in (3.4) and |f| is x-P class on [a,b], then we
have

‘(b—x)lnf(b)+(:z—a)lnf

L (a)_bia/ablnf(x)dx
|

(x - a)? [|f(x)
= 2(b—a)[f($)
(b— )2 | f'(x)
20 —a) [ f(@)

f'(a)

@

+

where x € [a,b].
Corollary 3.9. If we take oo = exp and = I in (3.4) and apply the change of variables
r—Inx, a—Ina, b— Inb,

and |f| is *-p class on [a,b], then we have

In(b/x) f(b) +In(z/a) f(a) 1 bf(t)
(b/a) ~ n(b/a) / -t

In?(z/a)

= Sin(b/a)
In?(b/x)
21n(b/a)

2] ()] + alf'(a)]]

[z]f" ()] + b1 ()]
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where x € [a,b].
Corollary 3.10. If we take o = 8 = exp in (3.4) and apply the change of variables
T+ Inx, a—Ina, b Inb,

and |f| is x-P class on [a,b], then we have

In(b/x)In f(b) + In(z/a)In f(a) 1 /b In f(u) s
In(b/a) In(b/a) Jo w

In?(x/a) xf’ af’ }
21In(b/a)
T //53 [ T £(>) o |

where x € [a,b].

Corollary 3.11. If we set o = I, B(z) = 2 in (3.4) and |f| is *-P class on [a,b], then we
have
b—z z—a

_|_
fb) — f(a) Lo
b—a _b—a/a f(a:)dx

* el

(x—a)? [| f(2)
= 2®—a)hﬂ I
(b— 22 [| £(x)
*bw—@[v<n

)
]2

(a)
a)l?
f
f(b

|

Corollary 3.12. If we take a(x) = % and =1 in (3.4) and apply the change of variables

1 1
T —, a— —, b— —,
T a b

o

where x € [a,b).

and |f| is *-P class on [a,b], then we have

(b-2)/0) , (@ =a)f(@)

bx azr . ab f()
b—a b—a 12
“ab
e (@) + 1@
;;‘;Z(Uf | +170)]

where x € [a,b).
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Corollary 3.13. If we take a(z) = 1 and B(z) = 1 in (3.4) and apply the change of
variables

1 1 1
T —, ar— —, b— —,
x a b
and |f| is x-P class on [a,b], then we have
a(b—x) n blx—a)  ab /b 1 gt
z(b—a)f(b) xz(b—a)f(a) b—als t2f(t)

2a22(b — a) | [f(x))?

a(b— x)? [If()l £ (b)]

b(z — a)? l|f’( |f/ ]
i
2022(b —a) [ [f(2)]*  [f(b)]°

where x € [a,b).

4. CONCLUSION

Within the framework of non-Newtonian calculus, we obtained Hermite-Hadamard type
inequalities for *-convex and *-P functions by means of a new identity for x-differentiable
mappings. A notable feature of the approach is that, through appropriate choices of the
generators a and 3, the established inequalities recover their counterparts for several well-
known classes of functions, which reflects the unifying character of the x-calculus setting.
The identity and techniques presented here can be developed further to obtain Ostrowski-,
Simpson-, and Steffensen-type results, as well as their fractional and co-ordinated analogues,
within the non-Newtonian framework.
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