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ABSTRACT. In this work, a new pre-order relation is defined using ¢-difference. After
establishing the basic properties of this order relation, several relations are obtained between
the new order relation and well known order relations in the literature. In addition, it is
demonstrated that this ordering relation is a generalization of the ordering relation used in
vector spaces. Solutions of set-valued optimizations using the set approach are examined
according to the newly defined ordering relation.

1. INTRODUCTION

The aim of optimizations is to find the best among the options. Such problems are
common for researchers in many fields such as mathematics, statistics, engineering, eco-
nomics, computer science and business. Optimization problems are divided into subclasses
according to the structure of the problem. If we characterize our options one-to-one with
real numbers, the encountered problem can be mathematically characterized with the help
of a real-valued function. Such problems are called scalar or real-valued optimizations.
When the objective function and constraints are convex, the optimization is called a convex
optimization problem. If vector-valued functions are used to mathematically characterize
the encountered problem, the optimizations used to find the best points of this function are
called vector-valued optimizations. If each option contains multiple and independent data,
set-valued optimization problems (shortly, SVOP) are used to characterize such problems.
For example, set-valued optimization can be used to determine the best team among the
teams in a league.

Set-valued optimizations have recently attracted much attention. Omne of the reasons
for this is their wide application areas. Another reason is that set-valued transformations
are an extension of vector and scalar-valued functions, the results obtained for set-valued
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optimizations can be applied to vector and scalar optimizations. Two types of approaches
are commonly used to obtain the solution of set-valued optimizations. These are the set
approach and the vector approach. When application areas are considered, the set approach
yields more meaningful results than the vector approach. Therefore, finding the solutions
of set-valued optimizations according to the set approach has attracted much attention.

When a set-valued optimization is considered to the set approach, an order relation is
required over sets. This method relies on comparing all elements in the constraint set of
the set-valued transformation according to this ordering relation. First, Kuroiwa discovered
that the set approach depends on a set relation based on the ordering cone [17,18]. Kuroiwa
gave the solutions of the SVOP with respect to the set approach. Subsequently, some
researchers obtained new order relations for set-valued optimization [7,8,13]. Set-valued
optimizations will be considered with respect to the set approach in the remainder of this
study. It is very difficult to manually find the solution set of set-valued optimizations. In
order to solve or obtain the optimality conditions for SVOP, some methods are used such as
vectorization [0, | 1], scalarization [, 3,4, 13], directional derivative [5,12,20], subdifferential
[10,22], embedding space [9, 16], and so on. The most known scalarization functions are
Gerstewitz and the oriented function of Hiriart-Urruty and their generalizations [1,3,4,11,15].
These methods and more can be found in the references in [2, 14].

In this study, we research and find a new order relation for set-valued optimizations
depend on the set approach. This will contribute to researchers working on set-valued
optimizations and in areas, that need solutions to this problem. To achieve this, the less
well-known ¢-difference on sets was used.

The next of this work is organized as follows: Some basic notations and definitions are
recalled in the second part. In the last part of work, a new order relation namely, p relation
is defined, and its properties are discovered.

2. PRELIMINARIES

Some notations and definitions used in the work are presented in this section.
Let P,R CR™ and XA € R be given. AP := {\a : a € P}. It is denoted that the algebraic
sum of P and R by

P+R:={{J(P+b}={a+b:ac Pandbec R}
beR

Definition 2.1. Let P, R C R". The set defined as
P—p R:={zeR":2+RC P}
is called the Minkowski (or Pontryagin) difference of sets P and R, that is

P—pnR:=()(P-b).
beR
If ax € K for all x € K, a > 0, then K is called a cone. The cone K is called a convex
pointed cone if K + K = K (convexity) and K N (—K) = Ogn (pointness). The cone K
with nonempty interior will be assume a closed, convex pointed cone in the rest of this



144 H. BUYUKCAVUSOGLU ERCOLAK, E. KARAMAN, M. K. YILDIZ, AND T. YALCIN UZUN

work. P(R™) denotes the family of nonempty subsets of R™. Similarly, C¢(R™) will be the
family of nonempty compact and convex subsets of R™ in the next. The topological interior
and convex hull of any set P € P(R") are indicated by int(P) and convP, respectively.
Let P € P(R™) be given, if there exists positive ¢ such that P C B(Ogn,t) + K, then P is
called K-bounded where B(z,t) is open neighborhood at 2 with radius ¢, and B(z,t) is
closed neighborhood at x with radius ¢. It is obvious that if a set is bounded then it is also
K-bounded and R} = {(z1,22,...,2,) 12, >0,i =1,2,...,n}.

Let P,R,S € P(R") such that R be bounded and S be closed and convex sets. It is
defined as cancellation law on sets [19,21]

P+ RC S+ Rimplies PCS.

In the same way
P+ R=S5+ R implies P = S.

Definition 2.2. [21] Let P, R € C(R"™) be given. Then, P is called a summand of R if there
exists a S € C(R") such that P+ S = R.

We have the following properties for P, R, S € P(R") and A,y >0
(i) PCR=P—-—, SCR—, S

)
)
)
)
)
)
(vii) PC(P+ R) —m R
(ix) (P—-m R)+RCP
) (P—mR)+SC(P+S)—nR
) (P—mR)—m S=P—p (R+5)
)P— RCSPCS—y R
) PC(P+R)—pR
) P—pm (P — R) = R if and only if R is an intersection of translates of P
) P+RCS<PCS—pR
(xvi) (P+ K)—m R=P —p, R.
If P,R € C(R™), then
(i) (P+R)—m R=P
(ii) d(P+R)Ccd(S+R)=PCS
(iii) (PNR)+S=(P+S)N(R+S) (if PUR is convex)
(iv) (PUR)+ (PNR)=P+ R (if PUR is convex)
(v) (P—m R)+ R =P (if R is summand of P)
Definition 2.3. [3,20] Let P,R € P(R"). The set definedas P—y R:={x e R": 2+ R C

P+ K} or
P yR={z€R":2+RCP+K}=(P+K)-mR
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is called the ¢-difference of sets P and R.

Order relation which is commonly used in set-valued optimizations is lower set order
defined as:
P<'R:sRCP+K.
Definition 2.4. [¢] Let P, R € P(R™) be given.

(i) 1 relation is defined as:

P=<t R:s(R— P)NK #0.
(ii) The strictly ¢; order relation is defined as:
P <" R:s (R—; P)NintK # 0.
Definition 2.5. [13] Let P, R € P(R™). m; relation is defined as:

P <" R (R—pmP)NK # 0.

Proposition 2.1. [3] The order relation <% has the neat properties;
(i) =% is compatible with the addition,
) <4 s compatible with the positive scalar multiplication,
) <A is reflexive,
(iv) = is transitive,
) <A isn’t antisymmetric.

The order relation <, <™ and < are pre-order relations on P(R")[4, 8, 13].

3. A NEwW ORDER RELATION FOR SETS COMPARE

In this section, a pre-order relation is defined using ¢-difference and some of its properties
are examined.

Proposition 3.1. Let PR € P(R"), and x € R™ be given. Then, — have the following
algebraic properties:

() 2+ (P—1R)=(z+P) - R,

Proof. (i) Lety e x+ (P —; R). Then,y—x € P—; R. So,y—x+ R C P+ K. Then,

y+ R C x+ P+ K implies that y € (z + P) —; R. For the other direction, let

y € (x+ P) —; R. That means y + R C x + P+ K. From here, y— 2+ RC P+ K.

Then, y—x € P— ;R implies that y € x+ P —; R. Therefore, z+P—; R = (x+P)—R.

(ii) Let y € (P + K) — R. That means y + R C P+ K + K = P+ K. From here

y+ RC P+ K. That is y € P —; R. For the other direction, let x € P —; R. Then,
r+RCP+Kand,z+RCP+ K+ K. Thatisz € (P+ K) — R.
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(i)

(P—R)+K ={z+k:2+RCP+K, ke K}
={u:u—k+RCP+K,keK}
={u:u+RCP+K+k=P+K}
=P —R.

P —; Ogn :{$:$+0RngP+K}
={zr:2e€ P+ K}
=P+ K.

R— P ={z:z+PC R+ K}
={r:2+P+KCR+K+K=R+K}
={z:2+P+KCR+K}
=R—(P+K).

Definition 3.1. Let P, R € P(R") be given. Then,

(i) p order relation is defined as:

P<PR:=R— PCK,
(ii) The strictly p order relation is defined as:
P <P R:s R—, P C int(K).

These relations are different from ¢; order relations. One advantage of the p-relation is
that we can order elements that cannot be ordered with the ¢; relation. The p -relation
is stronger than ¢; order relation because ¢ relation can contain any element outside the
cone. Although the p-order relation is more restrictive and mainly suitable for compact
convex sets, it provides a robust and global dominance structure, which is desirable in set
optimization.

Equaivalence relation for the p-order relation can be defined as:

P~PR& P <P Rand R=PP.

We can derive the equivalence classes of P with respect to the p-order relation denoted
by [PP.

Proposition 3.2. Let P, R, S € C(R") be any sets. The relation <P on C(R"™) is

(i) compatible with the addition, that is P <P R implies P+ S <P R+ S, also the other
direction is satisfied, that it P+ S <P R+ S implies P <P R,

(ii) compatible with positive scalar multiplication, that is P <P R implies AP <P AR for
all scalars A > 0.

Proof. (i) Let P,R,S € C(R™) and P <P R be given. Since P <P R, we have R— P C K.
That is, for each x € R —; P such that x € K. Forally € (R+S) —; (P +9),
y+P+S C R+S+K. Then y+ P C R+ K is obtained from cancellation law on sets.
That isy € R —; P. Since R — P C K, y € K. Therefore, (R+S) —; (P+S) C K.
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Thus, we obtain P + S <P R+ S. This indicates that <P is compatible with the
addition. The other direction can be obtained using cancellation law.
Let P <P R. Since P <P R, we have R—; P C K. This implies that, forallz € R—; P
such that x € K. Forall A\ > 0and x € AR—; AP, then x4+ AP C AR+ K = AR+ K.
Hence, for all A > 0 we can find ZR"™ such that x = A\Z then AZAP C AR+ AK. Since
A>0,then z+ P C R+ K. Then, we obtain £ € R —; P such that z € K. Since
x = AZ, then z € K.Therefore, we obtain AR —; AP C K and AP <P AR. Hence, <P
is compatible with the positive scalar multiplication.

O

Proposition 3.3. The relation <P on C(R™) has the next properties;

()
(ii)
(iii)
Proof.

(i)

(iii)

=P is reflexive,
=P is transitive,
<P s transitive.

(i) Let P € C(R™). We show that P <P P. Let’s choose an z € R" such that
r+ P C P+ K, then x € P—; P. Because of cancelation law, x + P C P+ K implies
that z € K. Then, x € K for all x € P —; P. Therefore, P <P P.

Let P,R,S € C(R") and P =P Rand R <P S. Wehave R— P C K and S— R C K.
r1 € K for all z1 € R—; P, and x5 € K for all x5 € S —; R. Then,

{z1: 21+ PCR+K}CK (3.1)
and
{ZL‘QZ.%’Q—I—RQS—FK}QK. (3.2)
Assume that P <P S is not satisfied. That is, {z : 2+ P C S+ K} ¢ K. Then,
there exist an x such that x + P C S+ K and = ¢ K. We have
t+PCr—2+R+KCao—a1—a29+S+KCzx+S+K (3.3)

where 1,22 € K from (3.1) and (3.2). Because x + P C z + S + K from (3.3) and
x4+ P C S+ K, x must be belong to cone K. That is, x € K. This contradicts the
assumption. Therefore, P <P S.

The proof can be obtained similar to (ii).
U

The order relation <P isn’t antisymmetric and partial order relation on C(R™). For exam-
ple, let K = R%, P = conv{(1,1),(1,2),(2,2),(2,1)} and R = conv{(1,1),(1.5,1.5),(2,1)}
be given. Then, we get P X<P R< R— PC Kand {r: 2+ P C R+ K} = K C K.
Additionally RX<P P& P— RCKand{z: 2+ RCP+ K} =K CK. P=PRand
R <P P. But P # R. Hence, <P isn’t antisymmetric.

The order relation <? isn’t symmetric on €(R"). For example, let K = R?, P = {(1,1)}
and R = {(2,2)}. When P <P R, R AP P. Then =? isn’t symmetric.

Corollary 3.1. The order relation <P is a pre-order relation.

Lemma 3.1. Assume that P,R,S € C(R™). Then the following implications hold:
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(i) Pijﬁ{ORn} =PR— P,
(i) P<=* R P+ K <P R+ K.
Proof. (i)
P<*R&R—PCK = (R P)+KCK+K=K
~ (R P)+KCK
:>(R—ZP)—10RngK
:{OR”} <PB— P

{ORn} =PR— P = (R—l P) —1 {ORn} CK
= (R— P)+KCK
#(R—IP)QK
= P=<PR

(ii) It can be obtained easily.

Proposition 3.4. Let a and b two vectors, then a < b < {a} <P {b}.

Proof. If a < b, then b —a € K.
{b} =1 {a} ={z:2+acb+ K}
={z:xeb—a+ K}
={r:2e K+ K=K} CK.
So, {a} =P {b}. Conversely,

{a} =P {0} ={b} —{a} CK
={zr:z+acb+K}CK
={zr:ze€b—a+ K} CK.

Sinceb—ac€{r:ze€b—a+ K} C K, then b —a € K. Therefore, a < b.
Then, the relation <P is an extension of the vector order relation.
Lemma 3.2. p-order relation implies mqy-order relation. That is,
P<XPR=P<"MR+K

and
P<PR=P<™R

for PR € P(R"™) and R—; P # (.

Proof.
PR =R—PCK
= (R+K)— PCK
=>[(R+K)—m PINK #10
=P<"™ R+ K
and

P<XPR =R—PCK
= (R-m P)NK #0
= P <" R,
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The other direction may not be correct. For example, let P = {(0,0)}, R = B((0,0),1)
and K = Ri in space R2. It can be easily prove that P <™ R and P AP R.

Let P,R € P(R"). P <! R doesn’t imply P <P R. For example, if we take P = {(x,y) :
r <0,y <0}and R = {(2,y) : = y,y < 0} and K = {(z,y) : 7,y > 0} C R?, then
P<'Re RCP+ K holds. P<P R< R —; PC K doesn’t hold. Therefore P ﬁp R.

Let P,R € P(R"). P <P R doesn’t imply P <! R. For example, if we take P = {(x,y) :
y=1/z,7>0}and R= {(z,y) : 2 >0,y =0} and K =R%  then PXP R& R— PC K
is hold, but R ¢ P+ K. That is P A' R.

Let P,R € C(R"). P =P R doesn’t imply P <! R. For example, P = B((1,1),1),
R = conv{(0,0),(0,2),(2,2),(2,0)} and K = R? in R% It can be easily seen that P <P R
and P A R.

Proposition 3.5. Let P, R € C(R"™) be given. If P <' R implies P <P R.

Proof. Since P <! R, we have

RCP+K. (3.4)
We will show that P <P R. Let’s take z € R —; P. Then, x + P C R+ K. From (3.4), we
get

xr+PCR+KCP+K+K=P+K.
So, x € K. Therefore,
{z:2+PCR+K}CK

implies P <P R. 0

Proposition 3.6. Let P, R € P(R"), B bounded and R—; P # 0. If P <P R, then P <* R.

Proof. PP R R— PCK. Forallz € R— P,z € K. Hence (R—; P)NK # (. We
obtain P <“ R. O

Let P,R € P(R"). P <% R doesn’t imply P <P R. For example, if we take P =
conv{(3,1),(3,2)}, R = conv{(1,1),(3,1)} and K = R%. Since R— P ={z: 2+ P C
R+ K} =[(~2,0) x (0,00)], (R—; P)N K # (. Then P = R is satisfied, but R — P =
[(—2,00)0(0,00)] € K. P AP R is obtained.

Definition 3.2. Let R™ be an ordered real vector space with cone K, A be a family of
nonempty subsets of R” and P € A. Then,

(i) if P <P P implies P <P P for some P € A, then P is called a minimal of A according
to the =P relation,

(ii) if P <P P implies P <P P for some P € A, then P is called a maximal of A according
to the <P relation.

Let S be a nonempty set, F': § = R" be a set-valued mapping. When we consider the
set-valued optimizations according to set optimization using p-relation, the optimization
problem is denoted as:

min(max)F(z)

(p—SOP){ xeS.



150 H. BUYUKCAVUSOGLU ERCOLAK, E. KARAMAN, M. K. YILDIZ, AND T. YALCIN UZUN

In addition, let F(S) be the set family of F, that is F(S) = {F(z) : « € S}. By
combining the definitions given for sets and set-valued optimization, we can state the
following relationship: If F(x) <P F(zo) for some x € S implies F(zg) <P F(x), then zg is
a minimal solution of (p — SOP) according to the <P relation. Similarly, if F(xo) <P F(x)
for some = € S implies F(x) <P F(x(), then ¢ is called a maximal solution of (p — SOP)
according to the <P relation. The following examples demonstrate how to solve a set-valued
optimization based on the <P order relation.

Ezample 3.1. Let N = {0,1,2,...}, K = R?, set-valued map F' : N = R? is defined as
F(z) = P+ {(z,z)}, where P = conv{(0,1),(1,1)} Uconv{(1,0),(1,1)}. Let’s consider the
following set-valued optimization

o som 90

xo = 0 is a solution of the problem because there is no x such that F(z) <P F(0).
Example 3.2. Let’s set valued map F : R = R? be defined as

F(z) =[], =2Jz]] X []z], —2|z]]
for all x € R and consider the following set-valued optimization

(p—SOP){

xo = 0 is a solution of the problem because there is no z such that F'(0) <P F(z).

max F'(x)
r € R.
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