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NEW EXTENDED SRIVASTAVA HYPERGEOMETRIC FUNCTIONS
AND THEIR VARIOUS INTEGRAL REPRESENTATIONS

ENES ATA!, HASAN GUNDUZ2?, AND ERCAN CELIK3*

ABSTRACT. This paper introduces novel and comprehensive extensions of the classical
Srivastava hypergeometric functions Ha, Hg, and Hc by incorporating a beta function
with a general kernel into their definitions. Through this generalization, a broader class of
hypergeometric-type functions is constructed, unifying several well-known special functions
under a single analytical framework. In addition, various integral representations associated
with these newly defined functions are systematically derived, providing deeper insights
into their structural and operational properties. The proposed extensions not only enrich
and generalize the theoretical foundation of classical hypergeometric functions but also
significantly expand their applicability in diverse fields of mathematical analysis, fractional
calculus, and applied sciences. These results are expected to open new avenues for further
analytical investigation and for the modeling of complex phenomena arising in mathematical
physics, engineering, and related disciplines.

1. INTRODUCTION AND PRELIMINARIES

In mathematics, hypergeometric functions form a broad class encompassing many spe-
cial functions and reduce to simpler functions in particular or limiting cases. The Gauss
hypergeometric function, denoted by 2 F(-), is defined by (see, for example, [1])

2F1(C1, G5 G3ip) = Y ng,

n=0

ol <1, (L1)

where (+),, denotes the Pochhammer symbol,

ww+1)...(w+n-1), neN,
(w)”:{l, n = 0.
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This function is a fundamental member of the hypergeometric family and satisfies a second-
order linear ordinary differential equation. The Pochhammer symbol also obeys the relation

(w)n—l—m = (w>n(w + n)m (1'2)

The gamma function, denoted by the symbol I'(+), is a generalized version of the factorial
function and is defined in [!] by the following generalized integral representation:

I(w) = /OOO ™ Lexp(—7)dr, R(w) > 0.

A profound and fundamental association exists between the Pochhammer symbol and the
gamma function. This relationship, which frequently arises in mathematical analysis and

the theory of special functions, is formally established in [1] as follows:
I'w+n)
= —— = . 1.
() = —Fd R >0 (13)
For n € Z>o = NUDO, the ratio Fgf‘(’:;)n)

poles of I'(w + n) and I'(w) cancel. The beta function is an important special function

extends to an entire function of w, since the simple

in mathematical analysis, especially closely related to the gamma function and probability
theory. It is usually denoted by B(-) and is defined in [I] by means of the generalized integral
as

1
B(Q,Cg):/o N1 =@ ldr, R(G), R(G) > 0.

By taking the product of two gamma functions and changing variables on the double integral
(e.g. switching to polar coordinates), the most important relationship between the beta
function and the gamma function is obtained in [1] as follows:

B(C1 ) = W R, R(G) > 0. (1.4)

Using the gamma function representations given in Egs. (1.3) and (1.4), a direct connection
between the Pochhammer symbol and the beta function is obtained, which is essential in
the analysis of special functions:

(Cn _ BlG+n,G—G)
(C2)n B(1,6—¢)

The relation between the Pochhammer symbol and the beta function in Eq. (1.5) has
been widely used to define generalized special functions and investigate their properties (see
Refs. [2-7,17]). Similar applications and related analytical studies can also be found in the
literature (see Refs. [15,10]). This is typically achieved by replacing the beta function in

R(¢2) > R(¢1) > 0. (1.5)

the numerator with a generalized beta function. In this work, we introduce new extensions
of the Srivastava hypergeometric functions based on a beta function with a general kernel
that encompasses various forms appearing in the literature.

Let K denote the general kernel, and let X = X(p, ¢, @, ) be a multiparameter variable.
For R(p), R(q), R(a), R(B), R(¢1), R({2) > 0, the beta function with general kernel, which
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is employed in the present work, was originally introduced by Ata and Kiymaz in [3] as
follows:

KBl = [ T (- e K X)dr (16)

Srivastava hypergeometric functions refer to special classes of hypergeometric functions in
multivariable and more general forms, introduced and developed by the mathematician
Hari Mohan Srivastava. These functions allow classical hypergeometric series to be applied
to more complex situations and are often used in mathematical physics, such as quantum
mechanics and thermodynamic models; in statistics, such as multivariate distributions and
probability density functions; and in fractional calculus, such as applications to fractional
differentiation and integration.

Srivastava’s triple hypergeometric functions H,, Hp and H¢, are functions that have
an important place in mathematical analysis and represent special classes of multivariate
hypergeometric functions and are defined in [21,22], respectively, as follows:

= m m-+n n Ty Tk
Ha(C1,62,¢3Can G55 Y1, Y2, Tg) = (@) &Zgizcsnff’) +kﬁl'n7?k7?’

m,n,k=0

(n<lip<LE<(l—n)(l—p),

= m m4n n T Yn Tk
Ha(61, oo G G G T T Yy = > (st @neonlCods TH 28 2

m,n,k=0

(E+n+u+2vEm<1),

and

> men n Tm yn Tk
Ho(G1 oG Yo, Yoy Ta) = 3 (Wl @luesnllhin DT,

m,n,k=0

where for brevity, the co-ordinates are written (£, n, 1) instead of (|Y1],|Y2],|Y3|). These
functions have a rich literature, especially in terms of integral representations, derivative and
difference equations, transformation formulae, and the study of special cases, see [9—12,20].

2. NEW EXTENDED SRIVASTAVA HYPERGEOMETRIC FUNCTIONS

In this section, we derive a modified relation employing the beta function with general
kernel expressed in Eq. (1.6), in place of the classical beta function that appears in the
numerator on the right-hand side of Eq. (1.5). This newly obtained relation is subsequently
utilized within the framework of Srivastava hypergeometric functions H4, Hp, and Hg,
leading to the definition of novel extended versions of these functions.

Assume that the co-ordinates are written as (&, 7, u) instead of (|Y1[,|Y2l,|Ys|) and let
the conditions R(p), R(q), R(a), R(S) > 0. We then introduce the new extended forms for
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the Srivastava hypergeometric functions Ha, Hp, and H¢, respectively, as follows:

HA (G, G2, G35 Cas G5 1, To, T) = KHAapﬁq(CbC2»CS,C4,C5,T1,T2,T3)
:: i () m+k(C2)mtn KB(Cs +n+ k, G — C3) T Y5 L

S (Ca)m B(¢3,¢5 — C3) ml nl k7 1)
(n<lpu<lg<d—n(l-p),
(Cla C_:Qv C37 C4> C57 Cﬁa T17 T27 T3) KH(Ba,pﬂq (Cla C2> C3a C4a §57 CG7 Tla T2> T3)
i (G + C)amentk(C)nsk KB(G +m+k, G +m +n) TP TS TE (2.2)
maieo  (C)m(G)n(Co)k B((1,(2) m! n! k!’ '
(§+n+u+2\/§nu< 1),
and

He (G, G Gai Gas T1, Yo, Ts) = MHE) (G G, Ga3 G Y1, T, 1)

i (C)mtn(Gnsk KB(G +m 4k, G+n—G) TP Y5 TE (2.3)

B m,n, k=0 (<4)n B(Ch C4 +n— Cl) m' n' k' ’

(6<tm<im<resntu-2/0-90-ni-m<z).

We refer to these as the Srivastava hypergeometric functions Kg A, Kg B, Kﬁc, respec-
tively. Unless otherwise specified, we assume throughout this section and the remainder of

the paper that £(p), R(q), R(a), R(B) > 0.

Remark 2.1. It is worth mentioning that the newly introduced classes Kf A, Kf B, and
Kﬁc, provide a unified framework that encompasses several previously studied extensions
available in the literature. In particular, by choosing the general kernel function K (7,X)
appropriately, numerous known results can be recovered as special cases. For instance,
the choice the general kernel function K (7,X) = 1 reduces these functions to the classical
Srivastava hypergeometric functions. Furthermore, by selecting the general kernel function
K (7,X) as exponential-type kernels, Mittag—Leffler kernels, or generalized M-series kernels,
one can derive various extended Srivastava-type hypergeometric functions investigated in
earlier works by different authors (see, for example, [9, 13, 14,18, 19]). Hence, the present
formulation not only generalizes the classical theory but also unifies a broad family of
previously reported extensions within a single kernel-based analytical structure.

3. INTEGRAL REPRESENTATIONS

In this section, we derive various integral representations of the new extended Srivastava
hypergeometric functions. These representations are obtained using the integral represen-
tations of the beta function with general kernel given in Eq. (1.6), which are (see Ref.
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KB(C1,¢o) =2 /0 ? (sin 620~ (cos 621 K ((sin )%, X) do, (3.1)

K5 B 0o wbt—1 U
B(C17C2)—/0 e K(l—i—u’X) du, (3.2)

and

u—a

b—a

KB(C1,Go) = (b— a)—0—C /b(u C )il h—wel K < X> du.  (3.3)

3.1. Srivastava hypergeometric function K[ ,.

Theorem 3.1. The Srivastava hypergeometric function KH 4 has the following integral
representations.

(i) Let R((5) > R(¢3) > 0. Then,

Ha(C1, Gy G35 Cay Gs; 11, Yo, T3)

IN(S)) 17_C3—1 Cs— P G2 (]  Tar) G
F(C?,)F(Cs—Cg)/o (1 =)@ @71 = Tor)~2(1 = Ta7)~

. . Tl
x K(,X) 2Fy (Clv T (1 T37)> "

(7i) Let R(Cs) > R((2) > 0, R(5) > R(¢3) > 0. Then,

HA(Cr, G, €35 Cay 53 Y1, Yo, L)
P(C)T(G) e C2—1_¢3—1r1 _ ,9)¢a—Ga—1
[(G)I ()T (¢ — )¢5 — ¢3) /0 /0 Rl =9)
X (1 —7)S=GH (1 = Tor)9 =2 [(1 — Tor)(1 — Ya7) — T19] ¢
x K9, X)K (7, X)dddr.

(7ii) Let R({4) > R(¢(2) > 0, R((5) > R(¢3) > 0. Then,

ﬁA<c1,<2,<3;<4,<5;T1,Ta,m

- D(Ca)I( =1 Cs— a1
T(G)T(G)T (44—@ G —G) / / v - 9"
X (1 —7)8"S 11— Tor)~2(1 — Ty — Y37) ™4

% <1 - T1T2’l97'
(1 — TQT)(l — T119 — T37')

>Cl K9, X)K (7, X)dddr.
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(iv) Let R((5) > R({3) > 0. Then,
KHA(C1, o, €33 Ca, G531, Yo, T3)

B 2I'(G5) %sin 261 (cos $)26-26-1 (1 — 1o (sin )2)
_F(C3)F(C5—C3)/o (sin9) (cos9) (1 T ¢)>

X (1 — T3(sin (;5)2) - K ((sin ¢)2,X)

. . Tl
x2h (Cl’ G2i G (1 — Ta(sin ¢)2) (1 — Ts(sin ¢)2)) de.

(v) Let R((5) > R(¢3) > 0. Then,

KH4(¢1, G2, G35 Cay G55 Y1, Yo, T3)
_ I'(¢s)
L'(G)I(¢s — ¢3

X (1419 —T30)" K (119, X)

2
X oy <C1,€2;C4; Ta(1 +9) )> dv.

C2

) /0 1943—1(1 +19)C1+Cz—€5(1 49— T219)—Cz

(19— To0)(1+0— T30

(vi) Let R((5) > R(¢3) > 0. Then,
KHA(C1, Coy G35y G5 1, T2, T3)

_ IN(S)) o — =G (9 _ Ly — 9)G—Cam1
= TG - Y J =09

X (v—u—Tg(ﬂ—u)){Q(v—u—Tg(ﬁ—u)){l K(ﬁ_u,X>

Ti(v—u)?
(v—u—"To(¥—u))(v—u— Tg(ﬂ—U))) 4.

X oFy <C17C2;<4;

Proof. The following steps are taken for the proofs.
e For the proof of (i), Egs. (1.1), (1.4), and (1.6), as well as the binomial theorem, are
used in Eq. (2.1), where the binomial theorem is defined as follows (see Ref. [1]):

[e.9]

(1=7)C =3 (Onr

n
—, |7l <1 (3.4)
o n!

e For the proofs of (i7) and (4ii), Eq. (1.6) is used in Eq. (2.1), and the desired results
are obtained by performing the necessary mathematical operations.

e For the proof of (iv), Eq. (3.1) is used in Eq. (2.1), and the proof is completed
following the appropriate mathematical steps.

e For the proof of (v), Eq. (3.2) is used in Eq. (2.1), and the proof is completed by
carrying out the relevant mathematical operations.
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e For the proof of (vi), Eq. (3.3) is used in Eq. (2.1), and the proof is completed once
the appropriate steps are followed.

0

3.2. Srivastava hypergeometric function Kfp.

Theorem 3.2. The Srivastava hypergeometric function KHp has the following integral
representations.

(i) Let R(¢1) > 0, R((2) > 0. Then,

KHp (G, 21 633 Gas 5. o 1, Mo, M)
— M ' G—1r1 _ )61
= NN G) /0 N1 —7) K(r, X)
X X4 (C1 + 2,354, G5, C63 Yam (1 = 7), Yo (1 — 7), T37)dr,
where Xy is the Exton’s function (see Ref. [21]), which defined as

0 S T U ¢ Tk
Xa(C1,€2: ¢35 Can G55 Y1, Lo, L) = Y (C(lC)j)T:(erffég),):kml'Jﬁ

m,n, k=0
(7i) Let R(¢1) > 0, R(¢2) > 0. Then,
KHp(¢1,C2, ¢35, G5y Co; 1, T2, T3)

(S ) %sin 201 (cos ¢) 2021 sin ¢)?
=TT f G eos o K ((in ), X)

X Xa(C+ G2y G35 Cas G, Gos T (sin 9)? (cos ¢)%, Ta(cos ¢)?, Ya(sin ¢)?) dp.
(iii) Let R(¢1) > 0, R(¢2) > 0. Then,
Kip(¢1, G, G35 Cas G5y G5 Y1, Yo, T3)

_ (¢ +C) [ Yol s
- T(G)T(¢2) /0 (14 )ertez K (1 + 9’ X)

Ti0 T T30
X X4 <C1 + (2,35 €4, G55 Co a 4_119)2, 1_|_219, 1j19> do.

(iv) Let R((1) > 0, R(¢2) > 0. Then,
KHp(C1,C2, 833Gy G5y G Y1, T2, T3)

= M(U_u)l—ﬁ—@ /v(ﬁ_u)ﬁ—l(v_ﬁ)gg—l K <19—u X)

M) s
X (G4 oo o G A, T S gy,

Proof. The following steps are taken for the proofs.

e For the proof of (i), Eq. (1.4) and Eq. (1.6), as well as Exton’s function, are used in
Eq. (2.2), and the desired result is obtained through the necessary calculations.
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e For the proof of (ii), Eq. (1.4) and Eq. (3.1), as well as Exton’s function, are used
in Eq. (2.2), and the expected result is obtained when the relevant calculations are
performed.

e For the proof of (iii), Eq. (1.4) and Eq. (3.2), as well as Exton’s function, are
used in Eq. (2.2), and the final result is achieved by accurately carrying out the
mathematical operations.

e For the proof of (iv), Eq. (1.4) and Eq. (3.3), as well as Exton’s function, are used in
Eq. (2.2), and the desired result is revealed upon the completion of the calculations.

0

3.3. Srivastava hypergeometric function Kﬁc.

Theorem 3.3. The Srivastava hypergeometric function Kﬁc has the following integral
representations.

(i) Let R(Cs) > R(¢1) > 0. Then,
KA (¢, Coy G35 Ca; Y1, Yo, T3)

— I'(¢4) 17_§1—1 GG )2 (] — L) 63
r<<1>r<<4—<1>/0 (1=7) (1—"17) (1 = Ty7)

. To(l—1)
x K(7,X) oFy <C2,<3v€4 s (1-"i7)(1— T37)> "

(ii) Let R(C1) > 0, R(C2) > 0, R(Ca) > 0, R(Ca — €1 — (o) > 0. Then,
ﬁC(C1,C2,C3;C4;T1,T2,T3)
_ (¢ G161 —Gi-1
L(¢)T(¢)T C4 -G —G) / / v - )
% (1 _ 19)@1 C1—C2— 1(1 _ 'rlT)Cs 2

x (1= Y17 — Yot — Yo7 + Lort) + Y1 Tgr2)
x K (9, X)K (1, X)dvdr.

(7ii) Let R(Cs) > R(¢1) > 0. Then,
KHc (¢, G2y Ca3Cas Y1, Yo, 1)

2I'(Ga) L 20 (08 120-20-1 (1 — T (sin )2)
F(CI)F(QL—Q)/O( 9y (cos¢) (1 T( ¢))

X (1 — T3(sin ¢)2>_C3 K ((sin ¢)2,X)

. . Yo (cos ¢)?
X o F <C2, CHEREH (1 = Y1 (sin ¢)2)(1 — Ys(sin <z5)2)> 9.
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(iv) Let R(C4) > R((1) > 0. Then,

KHc (1, Cos G35 Ca; Y1, o, T3)

_ F(<4) & (-1 Cot+C3—Ca B ¢
‘r<<1>r<<4—cl>/o oA+ 9) (140 —T10)

0
X (1419 —"T39)"% K (1 X)

+9’
To(1+9) )dﬁ
(149 —T19)(1+9—T30) '

x o Fy (Cz, (35 G4 — C1;

(v) Let R(C4) > R(¢1) > 0. Then,

KHc (¢, G2, C33Ca5 Y1, To, T3)
— I'(¢4) N GH—Ca [ NG=1(  g\Ca—Ci—1
MGG - Y AR
X (v—u—"T1(9— u))_CQ (v—u—"T3(— u))_C3 K <19 —u X)

YTo(v—9)(v—u)
(v—u—"1(0—u)(v—u— Tg(??—U))) .

X 9 <C2,43;C4 — (13

Proof. The following steps are taken for the proofs.

For the proof of (i), Eq. (1.6) is used in Eq. (2.3) and then the resulting equation is

multiplied by % and the desired result is obtained using Egs. (1.2), (1.3),

(1.4), and (3.4).
For the proof of (ii), Eq. (1.6) is used in Eq. (2.3) and the desired result is obtained
by performing the necessary mathematical operations.

For the proof of (iii), Eq. (3.1) is used in Eq. (2.3) and the expected result is
obtained when the relevant calculations are performed.

For the proof of (iv), Eq. (3.2) is used in Eq. (2.3) and the final result is achieved
by accurately carrying out the mathematical operations.

For the proof of (v), Eq. (3.3) is used in Eq. (2.3) and the desired result is revealed
upon the completion of the calculations.
([l

4. CONCLUSION

In this paper, we have introduced new extensions of the Srivastava hypergeometric func-
tions by incorporating a beta function with a general kernel into their definitions. These
extensions broaden the existing framework of special functions and provide a more flexible
analytical setting. Several integral representations have also been established, contributing
to a clearer understanding of the structural properties of the proposed functions.

The results presented here may serve as a foundation for further study of their analytical
and functional aspects. Future work may include a detailed investigation of their properties,
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as well as potential applications in mathematical physics, engineering, and applied analysis.
Comparisons with classical and other generalized hypergeometric functions may also help
clarify the distinctive features and scope of the present extensions.
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