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ON BICOMPLEX EXTENSIONS OF SARGENT SEQUENCE SPACES
0GUZ OGUR!

ABSTRACT. In this paper, we extend Sargent’s sequence spaces to the bicomplex setting
and introduce the classes mac(¢) and nec(¢) for admissible weight families ¢ € ®. Using
the Euclidean bicomplex norm, we establish their basic linear and topological properties,
including stability under rearrangements and monotonicity with respect to ¢. In particular,
we show that both mec(¢) and nec(¢) are Banach spaces and that ngc(¢) is the Kothe—
Toeplitz dual of mec(¢). We also derive inclusion criteria linking bicomplex Sargent
sequence spaces with Bicomplex Lebesgue sequence spaces. Finally, illustrative examples
demonstrate that mac(¢) lies strictly between ¢' (BC) and £°°(BC) in general, and that it
never coincides with ¢7(BC) for 1 < p < oco.

1. INTRODUCTION
Let N:={1,2,3,...} and define
¢:={0o CN : o is a finite set of distinct positive integers }.
For each s € N, set
ps:={c€p: |o]<s}
For a sequence = = (z,,), let
S(x) :={ (Tr(n))n>1: 7 a permutation of N }

be the set of all rearrangements. Also, define

o= {qb = (¢s)s>1 0 < By < pp1 <00, (5+ 1) > 5sry for all s € N}.

We also set ¢ := 0 and A¢s := ¢ps — dps—1 > 0.
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Sargent’s sequence spaces. Sargent defined for a scalar sequence x = (x,) and ¢ € ®:

m(@) :={z: [[2|lmg) < oo},

1
where 1Z[|m(g) = sup sup { Z |:17n|} ,
s>1 bs

oEWPs

and
n(¢) =={z: [|z|ng < oo},

where [Z]ln(p) = sup Z [tun| Adn,.

ueS(x) p—1

Sargent gave topological properties and studied matrix transformations between these spaces
and classical Lebesgue sequence spaces. Many authors have since investigated these spaces
(See [ y Uy bby 2y LU, ])

. The concept of bicomplex numbers, rooted in the pioneering work of Segre in the late
nineteenth century [18], has progressively developed into a fertile research area bridging
algebra, analysis, and geometry. Early contributions by Scorza [17] and Spampinato [19]
established fundamental properties of holomorphic functions in the bicomplex setting, lay-
ing the foundation for subsequent generalisations. The monograph by Price [12] further
systematised multicomplex spaces and their applications, providing a rigorous entry point
into the field.

Over the past three decades, the theory has experienced renewed interest, particularly
through a functional-analytic perspective advanced by Alpay, Luna-Elizarraras, Shapiro, and
Struppa [1], and later extended in the comprehensive treatment of bicomplex holomorphic
functions by Luna-Elizarrarés et al. [10]. These works emphasise both the structural richness
and the analytical challenges posed by bicomplex algebras.

Recent investigations have turned towards applications in sequence spaces, operator
theory, and modules. Degirmen and Sagir [5] studied bicomplex BC-modules and their
geometric characteristics, while Toksoy and Duyar [20] considered weighted structures in
this framework. In parallel, research on bicomplex sequence spaces, such as the Orlicz—
lacunary constructions explored by Raj, Esi, and Sharma [13], illustrates the versatility of
bicomplex methods in generalising classical functional spaces. Complementary studies have
also examined bicomplex Lorentz spaces [7], as well as completeness and transformation
properties [14], contributing to the broader understanding of their topological and geometric
features.

Beyond pure analysis, bicomplex numbers have found applications in diverse contexts. For
example, Kossentini and Gargoubi [9] interpreted them as complexified f-algebras, whereas
Kleine, Hanifi, and Henningson [8] employed bicomplex methods in fluid stability analysis.
More recently, Alpay, Diki, and Vajiac [2] highlighted the potential of bicomplex-valued
neural networks, pointing to new directions at the interface of mathematics and applied
science.

Taken together, these contributions underline both the historical depth and the contem-
porary relevance of bicomplex analysis. They motivate further exploration of its algebraic,
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analytic, and geometric aspects, as well as its capacity to provide new insights in applied
mathematics and related disciplines.

. Let i and j be independent imaginary units such that i? = j2 = —1, ij = j4, and let C be
the field of complex numbers with imaginary unit ¢. The set of bicomplex numbers BC is
defined by

BC ={¢=¢C +j:¢,¢ cCh
The set BC forms a Banach space and a ring with respect to addition, scalar multiplication,

multiplication, and the Euclidean norm. For all { = {3 + j{s, t = t1 + jto € BC and for all
AER,

C+t= (G +t1)+7(C+t2), AC = AC1 + JAC2, ¢ xt=(Cit1 — Cat2) + j(Cita + Gatr),

I€lle = /1611 + 1¢2f.

Every bicomplex number can be written as ( = (1 + j{o with (1,{o € C. A bicomplex
sequence ((,) converges in BC if and only if its complex components converge coordinatewise.
We refer to [12] for the standard topological background.

Lemma 1.1. [{]| (Bicomplex Holder’s Inequality) Let 1 < p < oo and let ¢ satisfy
%—&—%:1. For (i, tr, € BC (k=1,2,...,n),

n n 1/p n 1/q
> lGktnlse < V2 (Z ||Ck||ﬁ<c) <Z ||tkh%a<c> :
k=1 k=1 k=1

Lemma 1.2. [1] (Bicompler Minkowski’s Inequality) Let 1 < p < oo and (i, tx, € BC
(k=1,2,...,n). Then

n 1/p n 1/p n 1/p
(Z 1k +tk\|ﬁc> < <Z HCk!ﬁc> + (Z Htk\lﬁc> :
k=1 k=1 k=1

Definition 1.3. [1] Let w(BC) denote all bicomplex sequences. Define

£>*(BC) := {C = (k) € w(BC) : sup [|¢k|lc < OO},
keN

(BC) := {c — () € w(BO) 3 lGellbe < oo} L 0<p<oe.

k=1
Theorem 1.4. [1] /*°(BC) is a Banach space with the norm
1<l g BC) = sup ICkllBC, ¢ = (Ck) € £°(BC).

Theorem 1.5. [1] /P(BC) is a Banach space for 1 < p < oo with the norm

0 1/17
[I€llerC) = (Z ||Ck||ﬁ<c> ;¢ =(C) € P(BC),
P
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and a p-Banach space for 0 < p < 1 with the p-norm

ISllengrey = D lICklle, ¢ = (G) € #(BC).
k=1

We extend the classical notion of Sargent’s sequence spaces to the bicomplex setting
and investigate their structural, topological, and geometric properties. We now define the
following sequence spaces. Let x = (z,,) be a sequence in BC. Define

|#llmsc(s) = sup- sup {(b Z!lmnllm}

TEPs neo

and write € mpc(¢) whenever this quantity is finite. We also set = € npc(¢) if and only if

1] (9) = SUP {Z % () IBC Aén} <00
& n=1

where m ranges over all permutations of N and A¢,, := ¢, — ¢p—1 (with the convention

¢o :=0).

2. RESULTS

Throughout this section we write Ag,, := ¢, — ¢,—1 with the convention ¢ := 0. For a
sequence = = (), let S(x) denote the collection of all rearrangements of = (i.e., sequences
of the form (z,(,)) with 7 a permutation of N).

We begin by showing that the bicomplex Sargent sequence spaces are complex Banach
spaces.

Theorem 2.1. For every ¢ € ®, the spaces mpco(¢) and npc(p) are complex Banach
spaces.

Proof. We first show that mpc(¢) is a complex vector space. Let z,y € mpc(¢). Then

1
H‘T + yngc(d)) = sup sup { Z ||xn + Z/nHB(C}

s>1 ocps S neo

1
<o sup { 5 (leallac + Hynum)}

521 o€ps neo
< N lmae (@) + 1Y llmac(s) < 00
For any a € C, [[az|pmge(¢) = o] [|Z]lmae(¢)- Hence mpc(¢) is a vector space. Similarly,
npco(¢) is a complex vector space.
Completeness of both spaces follows from the completeness of BC' with respect to | - || pc
together with the definitions of the norms, exactly as in the classical complex case. Therefore,
mpc(¢) and npe(¢p) are complex Banach spaces. O

The following result shows that the space mpc(¢) is invariant under rearrangements.

Theorem 2.2. Let x € mpc(¢) and u € S(x). Then u € mpc(p).
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Proof. Let w range over all permutations of N. Then
1
[llmge(g) = sup sup § — > |lunllzc
s>1 o€ps S nEo

1
=sup sup { > ||$7r(n)||IB<c}

s>1 o€ps S nEo

= HmeBc(d’)’

We next record a simple monotonicity property of mpc(¢).

Proposition 2.1. Let x € mpc(¢) and suppose ||uy|c < ||znlBe for every n. Then
u = (upn) € mpc(¢) and
Nl g (¢) < Nl mge(6)-

The next observation shows that the sequence (A¢y,) belongs to mpc ().
Proposition 2.2. For any ¢ € ®, one has Ap = (¢, — pp—1) € mpc(P).

Proof. Since ¢ is real-valued, ||A¢y,|pc = |Adyn|. The classical Sargent estimate applies
verbatim, yielding A¢ € mpc(9). O

The following estimate will be used in the identification of the Kéthe—Toeplitz dual.

Proposition 2.3. Let x € myc (@) and let {||yzn)llsc} be a nonincreasing rearrangement
of {lynllac}t. Then

n n
> llkzellze < V2@ llmpes) Y lvkllse Adr.
k=1 k=1

Proof. Using |zw|lsc < V2| z||sc||w|lsc and Abel summation with the nonincreasing re-
arrangement, we obtain

n n
S llyrzrellse < V2 llyrllsellr B
r=1 r=1
n—1 r n
<vV2Y " (llvrllsc — llyrr1llse) D lillse + V2 llyallse Y llzillse
r=1 i=1 i=1

n—1
< V2|2l mge(s) (Z (llyrllee — lyrs1llBC) Dr + ||ynHB<c¢n>

r=1

= V2|[2llmse(0) Y 19rllBc Adr.
r=1

0

The following result identifies the Koéthe—Toeplitz dual of the bicomplex Sargent sequence
space mpc(¢).
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Theorem 2.3. Let ¢ € &. Then

mpe (@) = npc(9).

In other words, npc(¢) is the Kothe—Toeplitz dual of mpc(d).

Proof. Let = € ngc(¢). For any ¢ = (¢) € mpc(d),

oo o0
> llerCellse < V2 llzkllscllClise
k=1

k=1

< V2 Cllmges) D 1Tr lBcAdk

k=1
= V2([Clmse(6) 12l nse (0)

< 0,
where {||2.)|lBc} is a nonincreasing rearrangement of {||xx[|pc}. Hence

npc(¢) C mpc(e),

where

mic () = {(xk) : i |lzkCellBe < o0 for all ¢ = ((k) € mxasc(@}-

k=1
Conversely, let x € mgc(¢), that is,

> llakCellse < oo for every ¢ = (Ck) € mac(9).
k=1
Since (A¢y) € mpc(¢), by choosing (, = A¢y we obtain

>l wr lBeAdr =D @) AdrllBe < 00
=1 P

for every permutation 7. Therefore,
o0
sup Y ||z () lcAdr < oo,
T k=1

so x € npc(¢p). Hence

mec(¢) C nec(d).
OJ

We now characterise the inclusion relation between two bicomplex Sargent sequence
spaces.

Theorem 2.4. Let ¢, € &. Then,

mpc(¢) C mpc (V) <~ Sl>111) s < 00.
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Proof. (=) If mpc(¢) C mpc (), then Ap € mpc (), so
¢s = Z Agy < s HA(me]BC(w) (5 > 1))
k=1

whence supg~, ¢s/19s < 0o.
(<) Conversely, set M := Supg>q ¢s/%s < 0o and let x € mpc(¢p). Then for any s and

0 € Ps,
> lenllse < -
T g

S ne€o

> lzallsc,

n€o
o) H:chM(w) < MHmem(qb) and hence x € mpc(1). O
Theorem 2.5. Let ¢ € ®. Then the following statements hold:
(i) £1(BC) C mpc(¢) C £°(BC) for every ¢ € ®.
(i) mpc(¢) = L1(BC) <= limg ;o0 ¢s < 00.
@Dnmc@):ﬂ”®C)¢:>mMﬁm%§>Q

Proof. As in Sargent’s classical case; the bicomplex norm obeys ||zw|pc < v2|z|sc/|w|Bc,
which does not affect these inclusions. O

Theorem 2.6. Let 1 < p < oo and % + % = 1. Then:
(i) mac(6) # (P(BC) for any ¢ € @.
(i) P(BT) C macld) > sup’ -
(iii) mpc(¢) C P(BC) <= sAqub € Z”(IB%(C).
) U mec(s) = #(BC).

Ag¢elr(BC)

< 0.
(iv

Proof. We detail (ii). The other parts follow by parallel arguments.
Necessity. Assume (P(BC) C mpc(¢). Then for some M > 0, [zl (g) < M|zl me)
for all z € P(BC). Let x, be the characteristic sequence of o € ¢5. Then

S
— < Ixollmace) < Mllxollere) = Ms'/P,

s

so s/1/¢py < M.
Sufficiency. Suppose supg>, s'1/py < T < co. For o € g, and € (P(BC), the bicomplex
Hoélder inequality gives

1/p 1/q
> llenllee < V2( llzallie) T (Xo17) T < V2T 2oy 6.
neo neo neo
Taking the supremum in s and o yields [|#];n0(0) < V2T 2]l e(mc), hence (BC) C mpe ().
U

The following examples show that the inclusions

(Y(BC) C mpe(o) C £°(BC)



74 OGUZ OGUR

are, in general, strict whenever lims_,o ¢s = 00 and

lim % =0.
s—00 §

Ezample 2.1. Let ¢s = s for all s > 1, and define the bicomplex sequence x = () by
(14 i)
T = H(ljl)], E>1.

Then
o0 oo 1
S llakllze =v3> - = +oo,
k=1 k=1

so x ¢ ¢}(BC). On the other hand,

1
[ Ip—— ( 5
s>1

>10€ps \ S peg

i+(1+z’)jH
n BC

)

and hence © € mpc(¢). Therefore,
(Y(BC) ¢ mpc(9).

Ezample 2.2. Let ¢s = /s for all s > 1, and define the bicomplex sequence = = (x}) by

% + ij
T = , k> 1.
k \/E
Then \[
5
T =<5 k>1),
|2kl Bo N (k>1)

so x € £{*°(BC). However,

1 V6
12 ]lmpe(s) = sup sup <\/§ Z \/ﬁ> = +00,

521 7€ps neo
and therefore ¢ mpc(¢). Hence,
mpc(¢) G £7(BC).

3. CONCLUSION

In this work, we have extended Sargent’s sequence spaces to the bicomplex setting by intro-
ducing the classes mpc(¢) and npc(¢). Using the Euclidean bicomplex norm, we established
their basic structural properties, including stability under rearrangements, monotonicity
with respect to the parameter sequence ¢, and completeness. It was shown that both mpc(¢)
and npc(¢p) are Banach spaces, and that npco(¢) is the Kothe-Toeplitz dual of mpc(¢).

We also derived precise inclusion criteria between bicomplex Sargent sequence spaces and
classical Lebesgue sequence spaces, and proved that mpc(¢) lies strictly between ¢*(BC)
and ¢>°(BC) in general, but never coincides with ¢#(BC) for 1 < p < oo. Several examples
were provided to illustrate the sharpness of these results.

These findings contribute to the development of bicomplex functional analysis and se-
quence space theory. They provide a foundation for further studies on matrix transforma-
tions, duality theory, and operator-related problems in the bicomplex framework. Potential
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directions for future work include exploring bicomplex analogues of other classical sequence

spaces, studying compact operators on these spaces, and investigating applications in applied

mathematics and mathematical physics.
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