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ON A NEW REFINEMENT OF CUSA-HUYGENS INEQUALITY

YOGESH. J. BAGUL' AND BARKAT A. BHAYO?

ABSTRACT. In this paper, we propose a refinement of the famous Cusa-Huygens inequality
as well as its hyperbolic version by establishing the following inequalities:

24cosT\ _azt sinx 24+cosx\ _pggt ™ ™
( 3 )e < < ( 3 )e T3 ST
(2+c;shx)e,514< smll:mc < <2+(;oshac> 8779347 O<z<ec,

where a = 161In(r/3)/7* ~ 0.0076, § = 1/180 ~ 0.0056 and v = 2lcZteoshd/Esinh o)l 4y
the best possible constants.

1. INTRODUCTION

In the recent decades, the refinements of the inequalities involving trigonometric functions
have been studied extremely by numerous authors, e.g., see [8,9, 12, 28,29, 32 33] and
the references therein. In these papers, authors were establishing the sharp upper and
lower bounds for the function (sinz)/xz, and refining some well-known inequalities from the
literature. Motivated by these rapid studies, in this paper we make a contribution to the
subject by providing a new refinement of the Cusa-Huygens inequality.

The inequalities

)13 < sin < 2—1—;‘05:3’ (1.1)
x

hold true for 0 < |z| < 7/2. The first inequality in (1.1) is due to Adamovié¢ and Mitrinovié
[25, p. 238], and the second inequality was discovered by German philosopher Cusa (1401 —

(cosz

1464) by using a certain geometrical construction. A rigorous proof of the second inequality
was given by Huygens [17] in 1664 while considering the estimation of 7. In literature the first
inequality in (1.1) is known as Adamovié-Mitrinovi¢ inequality, and the second inequality is
known as Cusa-Huygens inequality [28,29].
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The hyperbolic version of (1.1) is

(cosh2)'/3 < sinh z < 2 +c;shx 7 (1.2)
x

for # # 0. The first inequality in (1.2) was obtained by Lazarevié [25, p. 270], and second
inequality appeared in [29].

In highly cited paper [28], Klén et al. refined the inequalities in (1.1) by showing the
monotonicty of the function p — (cos px)l/ P as follows:

T sinx r 2+cosz
cos® = < <cos® D < T (1.3)

2 x 2 3 ’
for x € (—\/27/5, \/27/5).

The following improvement of (1.3) appeared in [20,29],

ypd ST T
5 < . < cos X <z < 5
where m = 2(In7m —In2)/In ~ 1.303. A very strong improvement of (1.3) was given by

Yang [32], as follows:
x \P sinx z \/3 s
(cos\/g> < . <<cos\/5) , 0<:):<§,

where p = In(2/7)/ cos(v/57/10) ~ 1.6714.
The inequalities involving trigonometric and hyperbolic functions have been considered
by many researchers for various purposes. We refer the reader to [2—6,10-12,14,22-21,26,29—

COS

,33-35] for the extensions, refinements, generalizations, and applications of inequalities
in (1.1) and (1.2).

In 2021, Bagul et al. [3] studied that for what functions ¢(z) and v (z), the following
inequalities

24 cosz sinx<2+cos:):

hold true for x € (0, 7/2)? As an answer they established the following inequalities:

2 2 2 i 2 2 2
—i-?(josx _ (3 _ W) b1 (x) < sinx < —i—;:osa: _ (3 B ) 6o(2) (1.4)

and

24 coszx (2 2

s (377) w@

hold for x € (0,7/2), where

sin x 2+ cosx (2 2

A (3-Dwe). (9)

. . 2
ha) = T oale) = (S )
and
Y1(z) =sinz — zcosz, Py(x) = (sinz — z cosx)?.
The following inequality
T —sinx

o1(x) = A1 < (sinz — z cosx)? = () (1.6)
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can be written as
24 (r—2)cosz cosx+m/(m—2)—1 sinx 7r T
= 9 - < X < Y
™ w/(m—2) x 2 2
which holds true by [9, Theorem 1].
Now it is easy to observe that inequality (1.6) implies that the first inequality in (1.4) im-

proves the first inequality in (1.5), and the second inequality in (1.5) is improving the second
inequality in (1.4). So from (1.4) and (1.5) we conclude the following refined inequalities

2+cosz (?, - 2) ¢1(z) < Sizx <2 +§Osx — (3 - 2) Pa(x). (1.7)

3 T ™
In 2021, Zhu [33] drew two conclusions about the improvement of inequality (1.1):
sinx 2+ cosx 1, (sinz\?/7
- 1.8
z 3 180" ( v ) ’ 18
i 2 2 2
s12x < +§os:v - (3 - 77) (sinz — x cos ), (1.9)

for 0 < z < /2, with ¢; = (72 — 12)/(372 — 73) ~ 1.5244. Inequality (1.8) improves (1.9)
for = € (0, 1.0399). Clearly, inequality (1.9) is better than the second inequality in (1.7).
In our discussion we will also consider the following simple refined version of the Cusa-
Huygens inequality
2+ cosx r\® sinz  2+cosz r\* 7'(‘
3—<7T> <—— < 3 —(W) ,O<:1:<§ (1.10)
which was established by Bhayo and Sandor [%] in 2016. The second inequality in (1.10)
improves (1.8) and (1.9) for x € (1.22, 7w/2) and = € (0, 0.4422), respectively. Moreover, the
first inequality in (1.10) is weaker than the first inequality in (1.7).
Motivated by the work of Zhu [33], we give a new refinement of (1.1) by finding the
functions ji(z) and ja(x) such that for all x € (—m/2, 7/2) the following inequalities

24 cosx) . sinx 24 cosx) .
— i) < < J2(z)

3 3

hold true.
Now we are in the position to state our first main result, which reads as follows.

Theorem 1.1. For —5 <x < 7, the following inequalities

(2 —i—;osx) e—art < sin < (2 +;:osa:> 6_55”4, (1.11)
x

hold true, where o = 161In(m/3)/7* ~ 0.0076 and B = 1/180 =~ 0.0056 are the best possible
constants.

Moreover, for a real number a < m and 0 < x < a < 7, we have
(2 +§osx> ezt sinz < <2+§05x) o—Bat (1.12)
T

In[o(2+cosa)/(3sina)]
a* )

where v =
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FIGURE 1. Graphs of the lower and upper bounds of % for z € (0,7/2).

Remark 1. In (1.11), for values x € [—m/2, 7/2] the difference between the function and
the lower bound is less than 0.0016 and the difference between the function and the upper
bound is less than 0.0079.

We denote the lower bounds in (1.7) and (1.11) by Li(z) and La(x), respectively. One
can prove that Li(z) < La(z), for x € (0, 7/2), but we are not able to prove that, so we
show in Figure 1(a) that 0 < La(x) — Ly (z) for z € (0, 7/2).

Similarly, we denote the upper bounds in (1.8) , (1.9) and (1.11) by Ui(z), Uz(z) and
Us(zx), respectively. It is easy to see from then from Figure (1)(b), that bound Us(x) is
better than U;(z) and Us(z).

In our next theorem we present the hyperbolic variant of the first result.

Theorem 1.2. For 0 < x < ¢ < o0, the following inequalities hold

(2 + cosh:v) Bt sinh = < (2 + coshx) 67V2‘”4, (1.13)
3 T 3
where = 1/180 ~ 0.0056 and vo = ln[a(“ms'};f)/(?’smh AN are the best possible constants.

2. LEMMAS AND PROOFS OF THEOREMS

In this section we recall few lemmas from the literature which will be used as a main tool
in the proofs of theorems. The following lemma was originally proved in [27], but can also
be found in [10].

Lemma 2.1. Let A(z) = Y22 arz® and B(z) = 332 bix® be any two real series converg-
ing on the interval (—R, R), where R > 0 and by, > 0 for all k. Then the function A(z)/B(z)

is increasing (decreasing) on (0, R) if the sequence {ay/bi} is increasing (decreasing).
g ( 9 q g g

For |z| < m, the following power series expansions can be found in [15, 1.411] and [19, 1.3,
1.4].

00 x2k+1 0 2k

sinx = Z(—l)km, cosx = Z(—l)k(;k)!, (2.1)

k=0 k=0
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io: $2k+1 i ZE2k ( )
sinhx = —— X, coshzx = —, 2.2
= (2k+1)! = (2k)!
22k‘ 1 _ 1)
Boy|z®%; |z| < 2.3
sinz +Z | Bag|a™; o] <, (2.3)
and
o 2k
xcotx = 1—;m|32k|x2k, |z| < . (2.4)
where Bs,, are the even-indexed Bernoulli numbers, see [18, p. 231].
Lemma 2.2. [1]|(I’Hépital Monotone Rule) Suppose a and b are any two real numbers such

that a < b. Let f(z) and g(z) be two real-valued functions which are continuous on [a,b] and
differentiable on (a,b), and ¢'(x) # 0, for all € (a,b). Let,

fa) = @) gy S = 0)

9(x) = g(a) g(x) —g(b)

Then, the functions A(x) and B(z) are increasing (decreasing) on (a,b) if f'(x)/g'(x) is
increasing (decreasing) on (a,b). The strictness of the monotonicity of A(z) and B(x)

A(z) =

depends on the strictness of the monotonicity of f'(x)/g'(x).

Lemma 2.3. For k =3,4,5,---, it holds that
1

———— < | Bgg|.
7% 4 g = 1Bl
Proof. The lower bound for |Bgy| is obtained in [13] as follows:
2 (2k)!
2R 1) <|Bal, k=1,2,3,--.

We get the required inequality if
2. (2k)1(2%F 4 2) > 7%k (2% — 1),
which is true as 2 - (2k)! > 7% for k = 3,4,5,--- . O

Lemma 2.4. The following function

flz) = Inf[z(2 4 cosz)/(3sinx)]

4
x
is strictly increasing from (0,m) onto (8, 00).

Proof. Write
In[z(2+ cosz)/(3sinx)]  fi(z)

fle) = z " fola)’
where )
fi(x) =In [W] and fo(z) = zt.
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Clearly f1(0+) =0 = f2(0). Differentiation with respect to = and simple calculations yield

fi(x) 2sinx +sinzcosz — rsin?x — 2rcosx — x cos® x

1
fo(x) 4x* sin z(2 + cos x) = Zh1(93)h2($)7

where hy(z) = 1/(2 + cosz) and

2sinx +sinxcosx —x — 2x cosx

hg(ﬂj‘) =

zdsinx
1 T
= — 2+ cosx — — —2xcotx ).
T sinx

Clearly, h; is positive and increasing in (0, 7). Proving the monotonicity of hy, we utilize
(2.1), (2.3), and (2.4), and get

ST R PO 2T (2h)! 2k1% Za k)l

1 & _ 1

= 5 [ 4 2) Bl + (—1)F] et

2 ()]

$ Pt hore P (2% +2) [ Bog| + (—-1)}]
= % T ,  where P, =

2 (2)!

Now, P, > 0 for k = 2,4,6,--- and P, > 0 for k = 3,5,7,--- by Lemma 2.3. Hence h(x)
is also positive and increasing in (0,7) by Lemma 2.1. Therefore, f{(z)/f5(x) is strictly
increasing and consequently, f(z) = fi(x)/fa(x) is strictly increasing in (0,7) by Lemma
2.2. Applying the I'Hopital rule, we get lim,_,o f(z) = 1/180 = 3, and lim,_,, f(x) = oc.
This completes the proof. [l

Lemma 2.5. The following function

In[(z(2 + cosh z)) /(3 sinh z)]

g(x) = o

is strictly decreasing from (0, oo) onto (53, 0).

Proof. Write

In[(z(2 + cosh z 3sinh x T
o) = Dl o) )] _ )

where

(2 + cosh z)

(@) =1n|* ¢

3sinh z } and - ga(w) =2
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Clearly, ¢1(0) = g2(0) = 0. Differentiating g; and g2 with respect to x, we obtain

gi(x)  2sinhz +sinhzcoshz + sinh? x — 2z coshz — x cosh? ©
gh(z) 42t sinh (2 + cosh z)

1 2sinhxz + sinhzcoshx — x — 2z cosh x

4 224 sinh = + 2* sinh z cosh

1
1 2sinh xz + §sinh2x —x — 2xcoshx

1
4 224 sinh = + 5934 sinh 2z
Using (2.2), we get
© 9. $2k+1 e 22km2k+1 X 9. $2k+1
- + - -
gi(z) kz:% (2k + 1)! = (2k 4+ 1)! = (2k)!
gh(x) X o . 2k+5 X 92k, 2k+5
2k 1) A (21!
2% +2 — 2(2k + 1)] L2k
= (2k 4+ 1)!
B o (2% + 2)$2k+5
= (2k +1)!
_ [i (2°% — 4k) 2k+1] / lz (2°% +2) 2k+5]
= (2k + 1)! k02k+1
S (2% -4k - 9) L 2h+5 2% + 2)x2k+5
g @k+)! 2k+1)
o
Z a2k o
_ k=0
o0 )
Z b2k o
k=0
where
ar (222 — |k — 2) 4
b (k+D)(k+2)(2k+3)(2k+5)(2%%+2)
We prove that Ay is decreasing for & = 0,1,2,---. In particular, Ay = 1/45, 4; =
13/1260, Ay = 5/1134 implying that Ag > A; > Ay. We write
Ay = By, - Cy,
where _—
1 2 —k—2
By = , Crp = ( T )-
(k + 2)(2k + 3)(2k + 5) (k + 1)(22 + 2)
Clearly, By, is positive decreasing for £k = 0,1,2,--- . For the monotonicity of C}, we need
to prove that
22k+4 — k-3
Cp > Chpy = )

(k +2)(2%+2 +2)"
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This is equivalent to
(k' + 2)(22k‘+2 + 2)<22k‘+2 —k— 2) > (]{7 4 1)(22k + 2)(22]€+4 k- 3)
<
(k+2)(16- 2% — 4k - 2% — 2k —4) > (k + 1)(16 - 2*% — k- 22% 429 22 _ 9k — 6)
<~
16 - 227 . 2% > (3k% + 36k + 29)2%F 42
which is true for k = 2,3,4,--- . Thus C} is also positive and decreasing for k =2,3,4,--- .
Consequently, Ay is decreasing. By Lemma 2.2, ¢} (z)/g5(x) is decreasing, this implies that
g(x) is strictly decreasing for z > 0. Applying L’Hépital rule, we get lim,_,o g(z) = 1/180
and limy_,o g(z) = 0. This completes the proof of lemma.
O

Proof of Theorem 1.1 and 1.2. By Lemma 2.4 the function f(x) is strictly increasing in
(0, 7) and we have

B= L —tim f(z) < f() < lim f(z) = 16In(r/3)/x" = a,

180 =0 v>m)2
and

5= 155 = lm f(@) < (@) < lim £(2) = f(0)

This implies the proof of Theorem 1.1. Similarly, Lemma 2.5 gives

1 . B
B = 1qp = limg(z) > g(z) > lim g(z) = g(c),

and this implies the proof of Theorem 1.2. O

Remark 2.1. Theorems 1.1 and 1.2 can also be proved and the corresponding best possible
constants can be determined with the help of techniques given by Malesevi¢ et. al. in a
recently published paper [21].

The proof of the following corollary follows immediately from (1.11) and (1.13).

Corollary 2.1. The following inequalities

T — =<3z e [—7/2, /2],
tanx sin
and -
<3¢ x>0
tanh z sinhx — €. 7

hold true, where a = 161n(w/3)/m* ~ 0.0076 and B = 1/180 ~ 0.0056.

We finish the paper by posing the following conjecture, which gives a new refinement of
Cusa-Huygens inequality.

Conjecture. For x € (—m, 7), the following inequalities
3(1 — &) - sin x - 3(1 — &at)
2 4 cosh x T 2 4 cosh x
hold true, where ¢; = 1/7% ~ 0.01027 and & = 8 = 1/180 are the best possible constants.
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