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MODIFIED EXPONENTIAL TRIGONOMETRIC CONVEX FUNCTIONS
AND SOME INTEGRAL INEQUALITIES

KUBRA DEMIR BUDAK! AND MUSTAFA GURBUZ?

ABSTRACT. In this paper, a new class of convex functions is defined by utilizing previously
defined convex function classes. By using this new class of functions, new integral inequal-
ities are obtained. Holder inequality, Holder-Iscan inequality, power mean inequality and
generalized power mean inequality are used to put forward new results.

1. INTRODUCTION

Some classes of convex functions, which served as an inspiration for proposing a new class
of convex functions, have been introduced.

Definition 1.1. A function f: I — R is said to be convex if the inequality

flta+ (1 —=1)b) <tf(a)+ (1 —1t)f(D) (1.1)
is valid for all a,b € I and t € [0, 1]. If this inequality reverses, then f is said to be concave
on interval I # (). Convexity theory provides powerful principles and techniques to study a
wide class of problems in both pure and applied mathematics.

Let f: I — R be a convex function. Then the following double inequality hold

f(”b)gbfa/bf@)dxsw (1.2)

2

for all a,b € I with a < b. Both inequalities hold in the reversed direction if the function f
is concave.

Definition 1.2. (see [1]) Suppose that I is a subset of R. The mapping f: I CR — R is
said to be exponentially convex, if

fta+ (1 —t)b) <te®™f (a) + (1 —t)e*f (b) (1.3)
for all a,b € I,t € [0,1] and x € R.
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Definition 1.3. (see [5]) A non-negative function f : I — R is called trigonometrically
convex function on interval [a, ], if for each x,y € [a,b] and t € [0, 1],
sin ¢ cos mt
fea+ -0y < (57 1)+ (57 s (14)
Definition 1.4. (see [(]) Let I C R be an interval. A function f: I C R — R is called
exponential trigonometric convex function if for every a,b € I, t € [0, 1]

sin 2t cos Zt
Flia+ (- 1)8) < 2 F @) + 2 (0). (15)
Definition 1.5. (see [7]) A mapping f : I C R — Ris said to be exponentially quasi—convex,
if
f(ta+ (1 —1)b) < max{e™f (a), ™ f (b) } (1.6)

forall a,b € I, t € [0,1] and x € R.

Definition 1.6. (see [8]) A function f: I C R — R is called trigonometrically quasi convex
functions if for every a,b € I and t € [0,1]

Flta+(1—1)b) < (sin ™t cos gt) max {f (a), f ()} . (1.7)

In [3] Iscan gave a refinement of the Holder integral inequality as follows:

Theorem 1.1. (see [3])Let p > 1 and % + é = 1. If f and g are real functions defined on
interval [a,b] and if | f|7, |g|? are integrable functions on [a,b] then

b
[1f @9 @] ds (19)

1 1

| (feeovere) (fo-nere)
b—a

) . (- (1.9)
+ <{ (@ —a)|f () dﬂ«") (af (x—a)lg (w)lqdw>

Holder-Iscan integral inequality provides better approaches than Hélder integral inequality. A
refinement of power-mean integral inequality as a result of the Holder-Iscan integral inequality
can be given as follows:

Theorem 1.2. (see [1]) Let ¢ > 1. If f and g are real functions defined on interval [a, b
and if |f], |f]|g|? are integrable functions on [a,b] then

[t @ @] ds (1.10)

b 1= b
(f (b—2)|f (2)] dw) (f (b—2a)[f (z)|lg (w)lqdf€>

#(fe-arwie)  (fe-ov@isore)
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Improved power-mean integral inequality provides better approaches than Power-mean inte-
gral inequality.

Lemma 1.1. (see [2])Let f: I CR — R be a differentiable mapping on I°, a,b € I° with
a<b. If f' € Lla,b], then the following equality holds:

b 1
f(a);f(b) _bia/f(x)dx: b;ao/(l—2t)f’(ta+(1—t)b)dt. (1.11)

Throughout the paper we will denote RT U {0} by R .

2. MAIN RESULTS

Firstly we will introduce a new class of function which is a new version of exponential
trigonometrically convexity as the following:

Definition 2.1. f : I C R — ]Rar is called modified exponential trigonometric convex
function if for every a,b € I and t € [0, 1] the following inequality holds

t t
f(ta+ (1—1t)b) < sin %e(l’t)f (a) + cos %etf (b) . (2.1)
Let us demonstrate this class of function with METC(I).

Remark 2.1. Let

t t
h(t) = sin %e(l_t) + cos %et.

It is obvious that h (t) > 1 for all ¢ € [0,1]. By choosing a = b in definiton of modified
exponential trigonometric convex function we get

oy

flta+(1—t)a)= f(a) < f(a) (sin %te(l_t) + cos e )

that shows the function f has to be nonnegative.
Proposition 2.1. Every nonnegative convex function defined on I is trigonometric convez

function and every trigonometric convex function is modified exponential trigonometric
convex function since

flta+(1—=t)b) < tf(a)+(1—¢)f(b) (2.2)
< sin%tf(a)+cos%tf(b)

IN

t t
sin 7rEe(l’ﬂf (a) + cos 7%etf (b).
Theorem 2.1. Let f,g: I C R — R{. If belongs to f,g EMETC(I),

(1) for c € R (¢ > 0) c¢f belongs to METC(I),
(i) f + g is a modified exponential trigonometric convex function.
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Proof. (i) Let f eMETC(I) and ¢ € R(c > 0), then

(cf)(ta+(1—1b) < c|sin %te(l_t)f(a) +cos%tetf(b) (2.3)
= sin %te(l_t) (cf) (a) + cos %tet (cf) (D).

(74) Let f,g eMETC(I), then

(f +9)(ta+ (1 -1)b)

f(ta+ (1 —t)b) + g(ta + (1 —t)b)

sin 7T?te(l’t)j" (a) + cos 7;etf (b)

t t
+ sin 7Le(l_t)g (a) + cos 7%etg (b)

2
sin %te(lft) (f+9) (a) + cos %tet (f+9) ().

IN

O

Theorem 2.2. If f : I C R — J is a convex and g : J — ]RE)" is a modified exponen-
tial trigonometric convex function and nondecreasing, then go f : I — R(')" is a modified
exponential trigonometric convexr function.

Proof. For a,b € I and t € [0, 1], we get

(gof)lta+ (1 —1)b) = g(f(ta+(1—-1)b)) (2.4)
< g(tf(a)+ (1 —1t)f(b)
< sin T e0g(f (a)) + cos 5 e'g(f (b))
This completes the proof of theorem. O

Theorem 2.3. Let f: I CR — ]Rar be a differentiable mapping on 1°, a,b € I° with a < b
and assume that f € L [a,b] . If f'| eMETC(T), then the following inequaltiy holds

(2.5)

b
f(a)+ f(b) 1
| 5 —b_aa/f(x)dx

<

2me (w2 —12) + 4 (—12 + 8v/2¢ + 8V2er + (1 - 2v2¢) 7?)
(b—a) 7t 4+ 872 4+ 16

xA(If ()], [ O))

where A (.,.) is the arithmetic mean.
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Proof. By using Lemma 1.1, properties of absolute value and modified exponential trigono-
metric convexity of ‘ f/‘ we have

fla)+[(b /
2.6
| 2 b—a fla (2.6)
1
< 2“/|1—2t|yf'(m+(1—t)b)|dt
< (sm 1t|f ]—i—cos t|f |>
b ¢ / t
= ;“ [|f’ (a)| / 11— 2t <sin7;e(1t)> dt+ | f' (b)|/|1 - 2t|cos7;etdt]
0 0
T 2m3e + 32\/§e% — 24me + 472 + 32\@%(3% — 8\/57725 — 48
B 7 + 872 + 16
A([f (@), [ (0)]) (2.7)
where
/ Tt / t
/]1—2t]s1n 5 eI ar = /]1—2t!cos%etdt
0 0
_ 2m3e + 32\/?6% — 24me + 4m? + 32\@776% — 8\/571-2@% — 48
(72 + 4)?
which completes the proof. ]

Theorem 2.4. Let f: I C R — Rar be a differentiable mapping on 1°, a,b € I° with a <b
and assume that f € L [a,b]. ! €EMETC(I) then the following inequaltiy holds

b
f(a) + f(b) 1
— b_aa/f(x)d:p (2.8)

< b (LY (ZY i e o)

1 1 _
where;)—i-a—l.
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Proof. By using Lemma 1.1, properties of absolute value and Hoélder inequality we get

b
fla)+ f(b 1
‘ ()2 ()b_a/f(az)dx (2.9)
1
b—a ,
< = /|1—2t||f (ta+ (1 —1¢)b)|dt
0
1
- 1 /1 2
< 2“ (/\1—2t\pdt> (/\f’(ta+(1—t)b)|th)
0 0
Using modified exponential trigonometric convexity of |f/| we get
b
flag+f@®) 1 /
— d
‘ 2 b—a /(@) du
1
b—a 1 s mt mt ‘
- P
< s Y (A—t) | g q AVt et II)
< - <p+1> (0/<Sln2€ ' (a)] —|—cosze|f (b)|*) dt
b—a 1 \7_1/2me—4\q *
= —— )79 AT (L () 1 F ()]
() () A @ e
where
/ 1
/|1—2t|pdt: L
p+1
0
/ t / t 2 4
/Sinw—e(lft)dt = /cos Detar = 2
2 2 w2+ 4
0 0
This completes the proof of theorem. O

Theorem 2.5. Let f: I CR — Rar be a differentiable mapping on 1°, a,b € I° with a < b

and assume that f € L{a,b]. If |f ! EMETC(I) for q > 1, then the following inequaltiy
holds

(2.10)

b
fla)+ f(b) 1
| 5 —b_aa/f(x)dx

b_a [27‘(’6(7‘(2_12)+4(—12—|—8\/%—|—8\/%7T+(1_2@)7‘.2) 7

D L 74 + 872 + 16

XA% (| (@)|*, |f ®)]9).
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Proof. By using Lemma 1.1, properties of absolute value and power mean inequality we get

(2.11)

b
f(a) + f(b) 1
5 —b_aa/f(x)dx

(1—t)b)|dt

IN

0
| Lo :
a(/|1—2t|dt) (/|1—2t||f’(ta+(1—t)b)}th)
0 0

Using modified exponential trigonometric convexity of |f/| we get

b
f(a) + f(b) 1
‘ ) b_aa/f(x)dac

b;a( )1_ (/|1—2t|(81n 1t|f ’q—l-cos t|f |>; t)

1

—48]‘1

IN

- 2 74 4+ 872 + 16

2275
A" (| (@), |f ()]%)

b—a [2%36 + 32\@65 — 247e + 472 + 32\/§7r65 - 8ﬂ7r265

O

Theorem 2.6. Let the function f: I CR — Rg be differentiable mapping on I°, a,b € I°
! EMETC(I), then the following

with a <b, ¢ > 1 and assume that f & Lla,b].
inequality holds

(2.12)

_ b= ( 1 )iﬁ
-2 \2(p+1

{ 7ref47ref27r2+8|f (a)|q 8me — 16 ’f/(b)’q>q

w4 + 8712 4+ 16 74 + 872 4+ 16

1
e — dme — 212 4+ 8, q a
< +87T2+16 |f )+ 7+ 872 + 16 |7 )]

1,1 _
Whereﬁ—i-a—l.
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Proof. By using Lemma, 1.1, properties of absolute value, Holder-Iscan inequality and the
inequality

|f’<ta+<1—t>b>|q<sm DN (@)]" + cos L ) (2.13)

which is the definition of the modified exponentlal trigonometrlc convex function of |f’|.
By using (2.13) we get

b
f(a) + f(b) 1
‘ 5 b_aa/f(:v)dx

1

(2.14)

IN

(1—1¢)b)|dt

0

a (/(1—t)\1—2t\pdt)p (/(1—t)]f’(taJr(l—t)b)]th)q

0 0

1 5 1 %
(/t|1—2t|pdt) (/t|f’(ta+(1—t)b)|th)
0 0

- b;a (2(pl+l)>;

1
x (0/(1—t)yf’(ta+(1—t)b)\th)

Since |f’| eMETC(I) we have

IN

1 1
q q

1
+ | [ t]f (ta+ (1 —t)b)|th)
/

(2.15)

Q=

N b;a (2(pl+1)>;

w2 - )9+ Te — 2 ! NG a
x {(2@-2) - ]f )7+ (FQH)Q | (b)] )
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1
e — 2 7r2 —4 q
+ 16— |f (a)|* + 2 (me — 2) —— | f" (b)|*
( Ty @1 k2 -2 17 )
where
i t ; t 24
/(1 —t)sin Te-tgr = /tcos Tetdt =2 (me — 2) 7772
2 2 (m2+4)
0 0
1 t | t 2
/tsin De-gt = / (1 —1t)cos T etdt = 167T67_2
2 2 (7'(‘2 + 4)
0 0
which completes the proof. ]

Theorem 2.7. Let the function f: 1 CR — Rg be differentiable mapping on I°, a,b € I°
with a <b, q>1 and assume that f € L[a,b]. If |f ! EMETC(I), then the following
inequality holds

b
fla)+ £ 1
‘ <)2 ()7b—a f(z)dx (2.16)
N a
- b—a e /
= o9i \(n2+4)°
[ 160e~! — 96m2e~! + 1127 — whe! — 961/2e~ % — (@) a
y 75 — 3273 — 160v/2me 2 + 96271262 — 24421372 — 2¢/21te 2
N 40m2e1 — 128e~! — 807 + 2mte ! + 8022 + )
1273 4+ 112/271e~3 — 48y212e~3 — 4/21%e~3 — \[2nte~3
1
40m2e~1 — 128e~ 1 — 807 + 27wte ! + 80v/2e 2 + (@) ‘
n 1273 + 112\/5%6’% — 48\/5%267% — 4\/571'367% — Vo e~ ?
160e~! — 96721 + 1127 — i1 — 961/2e % — )
m® — 3273 — 160\/57‘(6_% + 9627 e"3 — 2427 e"3 — 2o e~ 3

Proof. By using Lemma 1.1, properties of absolute value and improved power-mean inequal-
ity we get

b
f(a)+ f(b) 1
‘ 5 —b_aa/f(x)d:r

1
b_a/|1—2t||f’(ta+(1—t)b)|dt
0
a

2
1 -7 /1
(/(1—t)|1—2t|dt) (/(1—t)|1—2t| ]f/(ta+(1—t)b)|th)
0 0

(2.17)

q

<
h—
<
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1 =2 /1 .
+ (/t|1—2t|dt) (/t|1—2t||f’(ta+(1—t)b)}th>

0 0

Since |f’| eMETC(I) we have

b
fla+re) 1
‘ —b_aa/f(:n)da:

2

1—1
b—a / !
< (/(1—t)y1—2t1dt)

0

q

1
y (/ (1—1)]1 — 2] <sin %teﬂft) 17 ()] + cos%tet I (b)\Q> dt)
0

1 1-1 1 1
! T Gy g Tt i g |
+ /t!l—2t!dt /t!l—?t! sin e | (a)] +cos e " (b))

0 0

By simple calculation

2
1 1
b—a <1>1q 2¢e q
< < 3
2 4 (7‘(‘2 + 4)
160e~1 — 96721 + 1127 — wle™! — 96v/2e 2 — 7 (@) ‘
y 7 — 3278 — 160v/2me" 3 + 9612123 — 241/213e73 — 2/2nte "3
N 40721 — 128¢~1 — 807 + 2mte~! 4+ 801/2e 2+ o)
1273 4+ 112\/571‘67% — 48\/571‘267% — 4\/571‘367% — 2 67%

1
+b—a (1)1_}1 2e 4
2 \4 (2 +4)°

1
4021 — 128e~1 — 807 + 21%e~! 4+ 80\/2e 2+ ) (@) a
« ( 1273 4 112\/57767% — 48\/571’267% — 4\/571’367% —2r 67% “
N 160e~! — 96721 + 1127 — wle~! — 96v/2e 2 — o)
7 — 3273 — 160v2me™3 4 9672263 — 244/213¢ 73 — 24/ 2nte"3

where

1 1
1
/(1—t)]1—2t!dt:/t!l—2t!dt:Z

0 0
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1
t
/l—t 1—2t]81n2 eU Dt
0

t
t |1 — 2t| cos 7%etdt

I
o— _

_ e
(2 +)?
96721 — 160e" — 1127 + wle~! + 96/2e "3+
X 3273 — 7% £ 160v2me ™3 — 96v/272e "3
—24\/57‘(’36_% + 2\/?7746_%
and
1
/tu—Qﬂml;(lﬂﬁ
0
1
= /(1 —t) |1 — 2t| cos 7getdt
0
- 4
(72 +4)°
40726~ — 128e~1 — 807 + 27te! + 80v2e "2 +
X 1273 4+ 112v/27e~ 3 — 482122
—4\@7r3e_% — \/57746_%
which is the desired result. ]

Remark 2.2. Since h : [0,00) — R, h(z) = 2°, 0 < s < 1, is a concave function, for all
u,v > 0 we have

h<u—2i—v>:<u—2|—v>52h(u)+h(v) us—i-vs.

From here, we get

1
b—a 1 p 1
2 2.1
2 (ﬂp+U> q (2.18)
1
mde — dme — 2m2 + 8 |, q 8me — 16 , a
- - - b)|?
>{< s W O e O
(r D) 3 2 i
8e e—4me =2 +8 ., 4\
—_ b
+< 87r2—|—16|f (@)l + 7+ 812 + 16 |f()|>]

b—a( 1 Niy[me—2 (IF @I+ OI]0
S Q@+U>2Fﬂ+4< 2 ﬂ
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- (L) 22 w0,

This show that the inequality (2.12) gives better approximation than the inequality (2.8)

Remark 2.3. The inequality (2.16) gives better approximation than the inequality (2.10.)

Proof. We will do the proof numerically. Since

1
t ¢
/(1 — ) |1 — 2¢| sin %e(l_t)dt t]1 — 2t| cos %etdt ~ 0,152,
0

1
/t\l—Qt\sm 5 eI Ddt =
0

t
(1—t)|1 — 2t| cos %etdt =~ (, 263,

S O—_

we can write the inequality (2.16) as

f()-zFf —a/f

(2.19)

—a 1_6 : a
< b > (i) {(0, 152 | £ (a)|? + 0,263 | £/ (b)|")« + (0,263|f' ()| + 0,152 | £ (b)|%)

Similary, since
/]1—2t|51n (=gt = /|1—2t|cos eldt = 0,415

we can write the inequality (2.10) as

b
a)+ f (b 1 b—a 7
HOZIO L [ @i < * 25 a5t ' (7 @ 17 ). (@220)
2 b—a 22 q
If we compare the inequalities (2.19) and (2.20) similar to the method in (2.18) we get

Q|-

[(0, 152 f (a)|q + 0,263 |f'( b)|‘1)5 + (0,263 | (a)|* 4+ 0,152 | f" (b)|")

< 2(0,415)F A" (| (@), | B)]")

This show that the inequality (2.16) gives better approximation than the inequality (2.10).
]
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