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ON GRAND CESARO SEQUENCE SPACES
0OGUZ OGUR!

ABSTRACT. In this paper, we introduce the grand Cesaro sequence space, inspired by [15],
and characterize its fundamental properties. Furthermore, we establish inclusion relations
using newly derived inequalities.

1. INTRODUCTION

Let 1 <t < o0o. the space ces; is defined as follows;

0o r i
cesy = zEw:z_jl{i;]z(sﬂ} <00y, (1.1)

where w is the space of all sequences, equipped with the norm
o (1.1 ak
lelles, = |2 { > |z<s>|} . (12)
r=1 s=1

Cesaro sequence spaces were first introduced by the Dutch Mathematical Society at the
end of 1968 as the question of finding the duals of these spaces ([2]). Shiue gave a solution
to this problem and also examined some properties of Cesaro sequence spaces ([15]). (For
more details see [1, 10, 11,13, 17,19,20]).

The grand spaces were firstly defined by Iwaniec and Sbordone . They gave the grand
Lebesgue spaces LY to benefit the solution of partial differential equations ([7]). Samko
and Umarkhadzhiev worked on these spaces on sets whose measure is infinite ([16]). Later,
Rafeiro et al. introduced the grand Lebesgue sequence spaces £ = ¢9)¥(Y) and examined
properties of several operators ([15]). The grand Lebesgue sequence space £97 = (D7 (Y) is
defined as follows;
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1

t(1+~) v

121l ¢r. (v = sup <v PREIE t(lﬂ)) = sup Y 0 [|2| ) () (1.3)
seEY 7>0

where Y is a set from the collection Z™,Ng, N, Z for 1 <t < oo, v > 0. Finally, Ogur defined
grand Lorentz sequence spaces as a generalization of grand Lebesgue sequence spaces and
characterized the multiplication operator defined on these spaces ([11]).

In this work, we define the grand Cesaro sequence space and study some of basic properties.
Let 1 <? < oo and v > 0. Then, the set cesy), consists of all z € w such that

H(147)] 7T
SUP~y>0 [7 Z{ Z |z(s) } ] < 00. (1.4)

2. MAIN RESULTS
Here, for 1 <t < oo and v > 0 the space cesy), is examined.
Theorem 2.1. The set cesy ,, is a real linear space for 1 <t < oo and v >0

Proof. Let z,u € cesy), and A, u € R. Then, we have

t(1+y)] @@+
SUPy>0 | Z{ Z\)\Z + pu(s )|}

, [ t(1+7)7] ta+n
= SUPy>0y TOFD Z{ Z\)\z + pu(s )]}

1
t(1+e)

N [ t(1+7)
< supy>07y 10FY) Z{ ZAI )+ pfuls )I}

, o o)y t(1+e)] TS
< supesoetra) (211N { Z Alz( } + {T ; u IU(S)I}

r=1
-1 | 2 (17 \ t(1+e) 17 t(1+e) 75(173—5)
— t(1+€) t(14-¢) — —
S sEaanl IR ED SIVEOITEES £ SPIWE]
r=1 s=1 s=1
o © (1 t(1+e) t(lirs)
< 2Asupesoe T |y { > \Z(S)I}
r=1 7ns:l
o (1T t(1+e)] TS
+ 205Upe>0 692{ \u(s)]}
r=1 7’8:1

< 00.
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This shows that cesy) g is a real linear space. O

Theorem 2.2. Let 1 <t < oo and § > 0. Then, the space cesy g is a normed linear space
with the function

(14¢)] T+ .
Hth),e = SUPe>0 (€ Z { Z |2(s) } = SUPe>0€ ) HZHt(H-s) : (2.1)

r=1

Here, ||z||y(1 1) is the norm of Lebesgue sequence space.

Proof. 1t is enough to show the triangle inequality. Let z,u € cesy) . Thus, we get

0
2+ u”t)ﬂ = supett+e ||z + U||t(1+a)
e>0

o
S Supgt(1+5) (HZ||t(1+E) + ||u||t(1+£))

< sup5t<1+5> 12/l 140y + SUPE“HE) lullgrte)
e>0

= llzlly + llullyo
O

Theorem 2.3. Let 1 <t < oo and 8 > 0. The space cesy g is a Banach space with its
norm.

Proof. Let {2y}, cy be an arbitrary Cauchy sequence in the space cesy) 9. Then, for § > 0
there exists N € N such that

t(1+¢) ﬁ
‘|Zn_ZmHt),9:3uPE>O € Z{ Z‘zn _Zm )|} <4

r=1

whenever n,m > N. Thus, we have that the sequence {2,}, .y is a Cauchy sequence in the
space ()¢, So, we have z € (0¥ such that {#n}en converges to z in M0 Also, by the
inequality

12llsy,6 < llzn = 2l 0 + 12nlle) 0

we get that z € cesy) g.

Theorem 2.4. Let 1 <1 < oo and 6 > 0. Then, ces; is included by cesy)g.

Proof. Let z € ces;. Then, there exists M > 0 such that

], = Z{ Z\ } o

r=1

Since the function [[z[|;;,. is a decreasing function for €, we have
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o0 10 t(1+e) t(11+€)
12[l4),9 = supeso [59 > { > |Z(S)!} ]

r=1 r s=1

0
= SUPe>p€ tite) HCZHt(H-s)

0
< supe>oe {09 [|Cz||,
[
<eg OO,

0
S M85(1+60) .

Here, ¢g = W(i/e) ~ 359 and W : Ry — R4, W(a) = ae® is Lambert function (for more

details see [1]). m

Theorem 2.5. Let 1 <t < co and 0 > 0. Then, IV is contained by Ccesy) -

Proof. Let z € £9?. Then, there exists M > 0 such that

0 t(1 e 0
2[00 = supe>o [8 PEGRIR “)1 = SuPe>08 9 ||zl 40y < M.

r=1
Thus, by the Hardy inequality we get

t(l+¢)

_6 _6
121149 = supe>0e ™ [|Cz|y(14 0y < Supes0e™TH e -1 12ll¢14e) -

Let define f(z) = % So f'(z) = m and since 1 < t < oo, we have f'(z) < 0.

This shows that the function f is a decreasing. Thus, we get

_0 1 t
12]lpy,0 < supes0e ™+ P 12l s14e) = -1 12000

which completes the proof. O
Theorem 2.6. Lel 1 <t < oo and 0 > 0. Ift < g, we have the inclusion cesy g C cesq) g

Proof. Let z € cesy) 9. Thus, there exists M > 0 such that ||z[|, o < M. Since the function
[[2]l4(14) 18 decreasing, we get

_o__

2]l g(146) = SuPe>0e 7T [[Cz| (149
_o

< supe>0e 109 || Ozl 4y

_0
< supes0€ 0F) [|Cz |y g4
<M

< 0.
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