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ON GRAND CESÁRO SEQUENCE SPACES

OĞUZ OĞUR1

Abstract. In this paper, we introduce the grand Cesàro sequence space, inspired by [15],
and characterize its fundamental properties. Furthermore, we establish inclusion relations
using newly derived inequalities.

1. Introduction

Let 1 ≤ t < ∞. the space cest is defined as follows;

cest =

z ∈ w :
∞∑

r=1

{
1
r

r∑
s=1

|z(s)|
}t

< ∞

 , (1.1)

where w is the space of all sequences, equipped with the norm

∥z∥cest
=

 ∞∑
r=1

{
1
r

r∑
s=1

|z(s)|
}t
 1

t

. (1.2)

Cesáro sequence spaces were first introduced by the Dutch Mathematical Society at the
end of 1968 as the question of finding the duals of these spaces ([2]). Shiue gave a solution
to this problem and also examined some properties of Cesaro sequence spaces ([18]). (For
more details see [4, 10,11,13,17,19,20]).

The grand spaces were firstly defined by Iwaniec and Sbordone . They gave the grand
Lebesgue spaces Lt) to benefit the solution of partial differential equations ([7]). Samko
and Umarkhadzhiev worked on these spaces on sets whose measure is infinite ([16]). Later,
Rafeiro et al. introduced the grand Lebesgue sequence spaces ℓt),ν = ℓt),ν(Y ) and examined
properties of several operators ([15]). The grand Lebesgue sequence space ℓt),ν = ℓt),ν(Y ) is
defined as follows;
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∥z∥ℓt),ν(Y ) = sup
γ>0

(
γθ
∑
s∈Y

|z(s)|t(1+γ)
) 1

t(1+γ)

= sup
γ>0

γ
ν

t(1+γ) ∥z∥ℓt(1+γ)(Y ) (1.3)

where Y is a set from the collection Zn,N0,N,Z for 1 ≤ t < ∞, ν > 0. Finally, Ogur defined
grand Lorentz sequence spaces as a generalization of grand Lebesgue sequence spaces and
characterized the multiplication operator defined on these spaces ([14]).

In this work, we define the grand Cesáro sequence space and study some of basic properties.
Let 1 < t < ∞ and ν > 0. Then, the set cest),ν consists of all z ∈ w such that

supγ>0

γν
∞∑

r=1

{
1
r

r∑
s=1

|z(s)|
}t(1+γ)

 1
t(1+γ)

< ∞. (1.4)

2. Main Results

Here, for 1 < t < ∞ and ν > 0 the space cest),ν is examined.

Theorem 2.1. The set cest),ν is a real linear space for 1 < t < ∞ and ν > 0

Proof. Let z, u ∈ cest),ν and λ, µ ∈ R. Then, we have

supγ>0

γν
∞∑

r=1

{
1
r

r∑
s=1

|λz(s) + µu(s)|
}t(1+γ)

 1
t(1+γ)

= supγ>0γ
ν

t(1+γ)

 ∞∑
r=1

{
1
r

r∑
s=1

|λz(s) + µu(s)|
}t(1+γ)

 1
t(1+γ)

≤ supγ>0γ
ν

t(1+γ)

 ∞∑
r=1

{
1
r

r∑
s=1

λ |z(s)| + µ |u(s)|
}t(1+γ)

 1
t(1+ε)

≤ supε>0ε
θ

t(1+ε)

2t(1+ε)−1
∞∑

r=1

{
1
r

r∑
s=1

λ |z(s)|
}t(1+ε)

+
{

1
r

r∑
s=1

µ |u(s)|
}t(1+ε)

 1
t(1+ε)

= supε>0ε
θ

t(1+ε) 2
t(1+ε)−1

t(1+ε)

 ∞∑
r=1

{
1
r

r∑
s=1

λ |z(s)|
}t(1+ε)

+
{

1
r

r∑
s=1

µ |u(s)|
}t(1+ε)

 1
t(1+ε)

≤ 2λsupε>0ε
θ

t(1+ε)

 ∞∑
r=1

{
1
r

r∑
s=1

|z(s)|
}t(1+ε)

 1
t(1+ε)

+ 2µsupε>0

εθ
∞∑

r=1

{
1
r

r∑
s=1

|u(s)|
}t(1+ε)

 1
t(1+ε)

< ∞.
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This shows that cest),θ is a real linear space. □

Theorem 2.2. Let 1 < t < ∞ and θ > 0. Then, the space cest),θ is a normed linear space
with the function

∥x∥t),θ = supε>0

εθ
∞∑

r=1

{
1
r

r∑
s=1

|z(s)|
}t(1+ε)

 1
t(1+ε)

= supε>0ε
θ

t(1+ε) ∥z∥t(1+ε) . (2.1)

Here, ∥z∥t(1+ε) is the norm of Lebesgue sequence space.

Proof. It is enough to show the triangle inequality. Let z, u ∈ cest),θ. Thus, we get

∥z + u∥t),θ = sup
ε>0

ε
θ

t(1+ε) ∥z + u∥t(1+ε)

≤ sup
ε>0

ε
θ

t(1+ε)
(
∥z∥t(1+ε) + ∥u∥t(1+ε)

)
≤ sup

ε>0
ε

θ
t(1+ε) ∥z∥t(1+ε) + sup

ε>0
ε

θ
t(1+ε) ∥u∥t(1+ε)

= ∥z∥t),θ + ∥u∥t),θ .

□

Theorem 2.3. Let 1 < t < ∞ and θ > 0. The space cest),θ is a Banach space with its
norm.

Proof. Let {zn}n∈N be an arbitrary Cauchy sequence in the space cest),θ. Then, for δ > 0
there exists N ∈ N such that

∥zn − zm∥t),θ = supε>0

εθ
∞∑

r=1

{
1
r

r∑
s=1

|zn(s) − zm(s)|
}t(1+ε)

 1
t(1+ε)

< δ

whenever n, m > N . Thus, we have that the sequence {zn}n∈N is a Cauchy sequence in the
space ℓt),θ. So, we have z ∈ ℓt),θ such that {zn}n∈N converges to z in ℓt),θ. Also, by the
inequality

∥z∥t),θ ≤ ∥zn − z∥t),θ + ∥zn∥t),θ

we get that x ∈ cest),θ.
□

Theorem 2.4. Let 1 < t < ∞ and θ > 0. Then, cest is included by cest),θ.

Proof. Let z ∈ cest. Then, there exists M > 0 such that

∥x∥cest
=

 ∞∑
r=1

{
1
r

r∑
s=1

|z(s)|
}t
 1

t

≤ M.

Since the function ∥z∥t(1+ε) is a decreasing function for ε, we have
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∥z∥t),θ = supε>0

εθ
∞∑

r=1

{
1
r

r∑
s=1

|z(s)|
}t(1+ε)

 1
t(1+ε)

= supε>0ε
θ

t(1+ε) ∥Cz∥t(1+ε)

≤ supε>0ε
θ

t(1+ε) ∥Cz∥p

≤ ε
θ

t(1+ε0)
0 ∥Cz∥t

≤ Mε
θ

t(1+ε0)
0 .

Here, ε0 = 1
W (1/e) ≃ 3.59 and W : R+ → R+, W (a) = aea is Lambert function (for more

details see [1]). □

Theorem 2.5. Let 1 < t < ∞ and θ > 0. Then, lt),θ is contained by cest),θ.

Proof. Let z ∈ ℓt),θ. Then, there exists M > 0 such that

∥x∥ℓt),θ = supε>0

[
εθ

∞∑
r=1

|z(r)|t(1+ε)
] 1

t(1+ε)

= supε>0ε
θ

t(1+ε) ∥z∥t(1+ε) ≤ M.

Thus, by the Hardy inequality we get

∥z∥t),θ = supε>0ε
θ

t(1+ε) ∥Cz∥t(1+ε) ≤ supε>0ε
θ

t(1+ε)
t(1 + ε)

t(1 + ε) − 1 ∥z∥t(1+ε) .

Let define f(x) = t(1+x)
t(1+x)−1 . So f

′(x) = −t
(t(1+x)−1)2 and since 1 < t < ∞, we have f

′(x) < 0.
This shows that the function f is a decreasing. Thus, we get

∥z∥t),θ ≤ supε>0ε
θ

t(1+ε)
t

t − 1 ∥z∥t(1+ε) = t

t − 1 ∥z∥ℓt),θ

which completes the proof. □

Theorem 2.6. Let 1 < t < ∞ and θ > 0. If t < q, we have the inclusion cest),θ ⊆ cesq),θ

Proof. Let z ∈ cest),θ. Thus, there exists M > 0 such that ∥z∥t),θ ≤ M . Since the function
∥z∥t(1+ε) is decreasing, we get

∥z∥q(1+ε) = supε>0ε
θ

q(1+ε) ∥Cz∥q(1+ε)

≤ supε>0ε
θ

q(1+ε) ∥Cz∥t(1+ε)

≤ supε>0ε
θ

t(1+ε) ∥Cz∥t(1+ε)

≤ M

< ∞.

□



ON GRAND CESÁRO SEQUENCE SPACES 59

Acknowledgements. This study was supported by the Scientific Research Projects (BAP)
of Giresun University under project number FEN-BAP-A-240222-36.

References
[1] R. M. Corles, G. H. Gonnet, D. E. G. Hare, D. J. Jeffrey, E. Knuth, On the Lambert W function, Adv.

Comput. Math., 5(4) (1996), 329–359.
[2] Y. Cui, C. Meng, R. Płuciennik, Banach-Saks property and property (β) in Cesàro sequence spaces,

Southeast Asian Bull. Math., 24 (2000), 201–210.
[3] Y. Cui, H. Hudzik, N. Petrot, S. Suantai, A. Szymaszkiewicz, Basic topological and geometrical properties

of Cesàro–Orlicz spaces, Proc. Indian Acad. Sci. Math. Sci., 115 (2005), 461–476.
[4] C. Duyar, O. Ogur, Some topological properties of double Cesáro-Orlicz sequence spaces, NTMSCI, 6(2)

(2018), 119–129.
[5] A. C. Eringen, Foundations and solids, microcontinuum field theories, Springer, 1999.
[6] G. H. Hardy, J. E. Littlewood, G. Polya, Inequalities, 2nd edn. Cambridge University Press, Cambridge,

1934.
[7] T. Iwaniec, C. Sbordone, On the integrability of the Jacobian under minimal hypotheses, Arch. Ration.

Mech. Anal., 119(2) (1992), 129–143.
[8] A.A. Jagers, A note on Cesàro sequence spaces, Nieuw Arch. Wiskd., (3) 22 (1974), 113–124.
[9] G. M. Leibowitz, A note on the Cesàro sequence spaces, Tamkang J. Math., 2 (1971),151–157.
[10] O. Ogur, C. Duyar, On New Cesáro-Orlicz double difference sequence space, Romanian Journal of

Mathematics and Computer Science, 4(2) (2014), 189–196.
[11] O. Ogur, A new double Cesáro sequence space defined by modulus functions, Journal of Applied Functional

Analysis, !0(1/2) (2015), 109–116.
[12] O. Ogur, C. Duyar, On generalized Lorentz sequence space defined by modulus functions, Filomat, 30(2)

(2016), 497–504.
[13] O. Ogur, B. Sagır, Vector-valued Cesáro summable generalized Lorentz sequence space, Commun. Fac.

Sci. Univ. Ank. Ser. A1 Math. Stat., 66 (2017), 179–186.
[14] O. Oğur, Grand Lorentz sequence space and its multiplication operator, Communications Faculty of

Sciences University of Ankara Series A1 Mathematics and Statistics, 69 (2020), 771–781.
[15] H. Rafeiro, S. Samko, S. Umarkhadzhiev, Grand Lebesgue sequence spaces, Georgian Math. J., 19(2)

(2018), 235–246.
[16] S. Samko, S. Umarkhadzhiev, Grand Lebesgue spaces on sets of infinite measure, Math. Nachr., 290

(2017), 913–919.
[17] W. Sanhan, S. Suantai, On k nearly Uniform Convex Properties in Generalized Cesàro Sequence Spaces,

Internat. J. Math. Sci., 57 (2003), 3599–3607.
[18] J. S. Shiue, On the Cesàro sequence spaces, Tamkang J. Math., 1 (1970), 19–25.
[19] S. Suantai, On some convexity properties of generalized Cesàro sequence spaces, Georgian Math. J. 10(1)

(2003), 193–200.
[20] L. P. Yee, Cesàro sequence spaces, Math. Chron., 13 (1984), 29–45.

1Department of Mathematics,
Giresun University,
Giresun, Turkey
Email address: oguz.ogur@giresun.edu.tr


	1. Introduction
	2. Main Results
	Acknowledgements.

	References

