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RECENT DEVELOPMENTS OF INTEGRAL INEQUALITIES OF THE
HARDY-HILBERT TYPE

MEHMET ZEKI SARIKAYA' AND MEHMET SABIR BINGOL!

ABSTRACT. Our aim in this study will be to obtain a new Hardy-Hilbert type of inequalities,
taking into account the two studies by given Sulaiman and Wei-Lei.

1. INTRODUCTION

Hardy-Hilbert’s integral inequalities constitute a significant cornerstone in the field of
mathematical analysis, offering profound insights into the behaviour of integral operators
and their associated functions. Named after the eminent mathematicians G.H. Hardy and
D. Hilbert, these inequalities have found wide-ranging applications across various branches
of mathematics, including functional analysis, partial differential equations, and harmonic
analysis.

The well-known Hilbert’s inequality and its equivalent form are presented first [2]:

Theorem 1.1. If f,g € Ly (]0,00)), then the following inequalities hold and are equivalent

N

770dey =7 7f2 () d$792 (y) dy (1.1)
00 0 0
and
/oo oox—(f;dx Qdy§7T27f2 (Jr)d:v
0 \o 0

where © and w2 are the best possible constants.

The classical Hilbert’s integral inequality (1.1) had been generalized by Hardy- Riesz
(see [1]) in 1925 as the following result. If f, g are nonnegative functions such that 0 <
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o o0
J fP(z)dx < o0and 0 < [ g% (z)dr < oo, Where%—i—%:l,then
0 0

[ [{2s® dmdy<sm (/ e )p<7gq<y>dy)q (1.2
00 0

where the constant factor ﬁ
p

is the best possible constant. When p = ¢ = 2, inequality

(1.2) is reduced to (1.1). In recent years, a number of mathematicians had given lots of
generalizations of these inequalities. We mention here some of these contributions in this
direction: Li et al. [3] have proved the following Hardy- Hilbert’s type inequality using the
hypotheses of (1.1):

[ [zt e[y

0

Where the constant factor ¢ = /2 (7T —2—tan~! \/ﬁ) is the best possible. Other mathemati-
cians have presented generalizations or new kinds of the above Hardy-Hilbert inequalities,
as follows:

Theorem 1.2. [9] Let f,g > 0. Ifp>1,A>0, 1+ 1 =1, and 0 < A=2-1+1 <1, then

one has
1 1
(o olNe ] oo D [o.¢] q
[ [ gy < (/fp(:v)dw) (/gq<y>dy) .
00 (z+y) 0 0
Here, k depends on p and ¢; only if 1 —|— =1, A=2— % % =1, k is the best possible.

Theorem 1.3. [7] Let f,g>0.Ifp>1, ¢>1, and l + l =1, are such that

0</a:p L=A P (g )dx<ooand0</yq 1=2g% () dy < o0,
0

then one has

T s () ([l
0 0

0

=

where the constant factor p—/\q is the best possible.

In [8], Sulaiman provided a comprehensive generalization of Hardy-Hilbert type inequali-
ties applicable to homogeneous kernels of order A. This extension significantly broadened the
scope of these inequalities, allowing for their application to a wider range of mathematical
contexts. Building upon Sulaiman’s groundwork, Wei and Lei further contributed to the
advancement of this field in [ 1] by offering an alternative proof technique for Hardy-Hilbert
type inequalities. Despite addressing the same functions and kernels, Wei-Lei’s approach
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introduced novel insights and methodologies, enriching the mathematical discourse surround-
ing these inequalities. Regarding Hardy-Hilbert integral inequalities regarding different types
of functions and approximations see [1—0, 10], where further references are given.

Our objective in this study is to derive novel Hardy-Hilbert type inequalities, building
upon the groundwork laid by the aforementioned studies. By incorporating insights from
both Sulaiman’s generalization of 2010 and Wei-Lei’s alternative proof technique of 2011,
we aim to contribute to the ongoing development of this field. Our endeavor is to explore
new avenues and refine existing methodologies to further enhance the applicability and
theoretical understanding of Hardy-Hilbert type inequalities.

2. MAIN RESULTS
To prove our main results, we require the following theorem:

Theorem 2.1. Assume that f,hi,ho,k >0, hi,ho,k : RT x R* — R™, hq, ho homogeneous
of degree A\, and k is nondecreasing, p > 1, % + % = 1. Then

i) k(x

# 1, or in general, k(z) # ¢, (c is constant)

)
%) Do) o f( )dm p&
O/y (0/ ha (e, y) masc {k () & (2)} + ho (2, y) min {k ( ),k(y)}) (@y1)

<8

[e.e]

< Cf7102/x1_>‘fp (z) dz
0

where C1 = 11 + Is and Cy = J1 + Jo,

/ du / du (2.2)
hy (u, 1)k (u=1) + ha (u,1) k hi (u, 1)k (u) + he (u, 1) k (u=t)
and
du du
J :/ / (23
! S (L) (uT) + o (1 u) hi (1,u) k (u) + hg (1,u) k (u=1) (23)
it) k(z) =1, (a and B are both arbitrary constants),
00 p 00
—5+)\ 1— a 2 b 2
’ ’ d <KqK/ MHA=ATeG 1P () d 2.4
where
u®du uf
K, = . K :/ du. 2.5
I Y R R VR Y T (25)

Proof. i) From Holder’s inequality, we get

f (@) dx
O/hl(a:,y)max{ <£), (%)}—i—hg x,y mln{k(y),k(

[e.o]

8 ke

)}
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< (7 7 (2) do )’1’
=\ b Gy max (s (2) 8 (2) ]+ b (o, y) min { (2) 8 (4) ]

which yields

8 ke

i f (@) da ’
(0/h1 (x y)max{ ( ), (%)}—i—hg x,y mln{k(y),k( )}) (2:6)

- 7’ 7 (@) da
B 0 hl(xay)max{k(g),k’(%)}—G—hg(x,y)min{k(%),k(%)}

7 dx
8 (O/ h1 (z,y) max {k (%) Jk (%)} + hoy (az,y)min{k: (%) Jk (Z)}) ‘
We first consider the following integral:

[e.o]

dzx

0/ hi (x,y) max{k (%) K (%)} + hy (x,y) min {k (%) Jk (%)}

dx
hi (z,y) max {k (%) K (%)} + hy (x,y) min {k: (%) k (%)}

Il
St —

T dz
+y/ hi (z,y) max{k (%) ok (%)} + hy (x,y) min {k: (%) K (%)}
= M; + M.

For the case My, since 2 < y implies £ < ¥, and hence k (5) <k (%) , then we have

z
Y

Yy
Mo e B et )
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Let % = u, it follows that

du

1
M — 1—)\/ — i
U @Dk ) e @ k)

and similarly, since > y implies £ > £, and hence k (2) >k (), then we have
y == y x

[e.e]

dx
y/ ha (. y) k() +ha (2.9) K (4)

My =

du

1 A 1-X
= 1.

/h1u1 u) + ha (u, 1) k (u=1) Y 2

By using M; and M in (2.7), we have

o0

dx

0/ hy (x,y) max {k (%) Kk (%)} + hs (z,y) min {k <§) K (%)}

= YN+ ) =Cy?
Hence, from (2.6) and (2.7), we get

i f (@) da '
(0/ ha (2, y) max {k (£) k& (4)} + h (2,y) mm{k(;),k(g)})

@, (=) 7 () dx |
= Gy 0/ hy (z,y) max {k: (%) K (%)} + ho (x,y) min {k (%) K (%)}

If we multiply both sides of the above inequality by y*~D®=1) and integrate with respect

o0

to the y variable , we get

[ oo [ [ f(z)dz ’
/y (0/ hq (x,y)max{ (£>, (%)}—i—hg x,y mm{k (Z),k(g)}) W

0
(2.8)

“als

IA

C

77 17 (@) dady
e () RO+t () 21

dy
= O ' /fp / dx
hi (z,y) Inax{k (%) K (%)} + ha (z,y) min {k: (5) k (%)}
By calculating the inner integral above, with the same method as above, it follows that
dy

0/ hi (x,y) max {k (%) k (%)} + hgy (2, y) min {k (%) Jk (%)}

o0

(2.9)
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T

dy dy
] 5]
5 hl(m,y)k()—i-hga:y hi (z,y) k —i—hg(my)k(y)
1
_ x1—,\/ du Sl- ,\/ du
) hi (L,u) k (u=1t) + ho (1,u) hi (1,u) k (u) 4+ ho (1,u) k (u™1)

= g7 (Jl + JQ) = nglf)‘

If (2.9) is substituted into (2.8) which shows that the inequality (2.1) holds.
ii) Similarly, according to Holder’s inequality, we get

/h1 (x,y) +h2($ Y)

_ / f () y? 1 x
[h1 (2,) + ha (2, 9)]7 27 [hy (2,y) + ha (2,9)]1 y?

T f? (x) yPdx ) ’ ( 7 x%dx ) ‘
< sy q
(O/ [hl (xay)+h2 (I‘,y)]l‘7 : 0/ [hl (‘rvy)+h2 (x7y)} y?ﬁ

which yields

v fP (x) yPdx 7 xdx g
< - = -
</ hi (z,y) +h2($ y)) _0/[h1 (z,y) + h2 (z,y)]x @ (0/ [h1 (z,y) + ho (;c,y)]yf)
(2.10)

We consider the above last integral

70 z%dx - ?7
5 =
L (,9) + e (5, )] o F 0 +h2( 1)
1_)\_¢zﬁ+a7 u®du
= y p
0 h1 (U, 1) + ho ('LL, 1)
_ yl—A—%JmKl’

then we can obtain

p [e’s)
< (kA—%Jm)%K% 17 () yPdx .
(/hl (z,y +h2(a: y)) =Y 1/[h1(g;,y)+h2(x,y)]qu

(+A1

If we multiply both sides of the above inequality by y o) and integrate with respect

to the y variable , we get

T (#ooe ’
O/y (/ e +h2 @ y)) dy (2.11)
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IN

/y 45+A 1-a)b (1_>\_%+a>§[(§/ 1P (2) Z/de dy
1 b
0 [h1 (z,y) + ha (z,y)]z @

p F F B
= K/! P y = dy | dx.
: O/f ( )(/ [h (z,y) + ha (z,y)] 2z« y)

0

Now, by computing the above integrals

[ (1,3) +ha (1, 2)]

o0

dy

s P
0 [hl (‘T7y)+h2 (Jj‘,y)]ﬂl‘q

B
. 1+8—-A—a / W
= I q du
s [hl (lau) + ho (17u)]
$1+6_A_Q§K2.

This final result is written instead of (2.11), it follows that

00 p e}
(L4r-1-0)2 (/ ) 2 1+B-A—aZ
/y dngng/x a fP () dx
h h
1( + 2(5U Y) 5

0

which shows that the inequality (2.4) holds. O

Theorem 2.2. Assume that f,g,h1,ha,k >0, hi,ho,k : RT x RT — RT, hy, ho homoge-
neous of degree \, and k is nondecreasing, p > 1, % + % =1. Then
i) k(x) # 1, or in general, k(x) # ¢, (c is constant)

i f(z) g (y)dzdy
// i g (5 (2) o ()] + o (e (1 () K (D))

SRS

where C1 = I + Iy and Co = J1 + Ja are defined by (2.2) and (2.3).
it) k(x) =1, (o and B are both arbitrary constants),

7 f(@)gly) dedy 11 7HM<1)
< KI{K? T ap P (x)dx 2.13
[ [ i = M e 219

B =

0

v (/ y1+a—/\—6(p—1)gq (y) dy)

0

Q|

where K1 and Ko are defined by (2.5).
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Proof. i) By using Holder’s inequality, we have

f(z)g(y)dedy
o/ / () maxc {k (£) & (4)} + ha (o) min {k (2) & (2)} 21

IA

(77 7 (2) dudy ) :
5 b y)ymax {k (£) k(4 } + ho (@) min {k (£) k() }

x(// 9" (y) dady )

5 b h(z,y) max{k <§) K (%)} + ha (z,y) min {k (%) K (%)}
— MrN@

We first consider the following integral:

o0

f? (x) dzdy

M_0/0/h1 (x,y) max k(%),k(%)}—i—@(%y)min{k(%)ak(%)}

(2.15)

p dy T
/f </ hi (z,y) max{k‘(z),k‘(g)}—khz(%y)min{k(j)7]{:(3)})Cl

and writing the inner integral as follows

dy
/ (2, y)max {k (£) & (4)} + ho (@, y) min {k (£) & (4) }
- / dy
hy (z,y) max ( ) k(%)}—l—hz(az,y)min{k (%),k(%)}
o i
h1 (z,y) max ( ),k(%)}—FhQ(x,y)min{kz (%),k(%)}
= M+ M"

For the case M", since x <y implies £ < ¥ and hence k <§) < k (%), then we have

z
Y

, dy o dy .
. _0/hl(x,y)k(g)+h2(a:,y)k(§) O/hl (2,0) k(L) +ho (2,1) k(%)

Let % = wu, it follows that

M//: 1—)\/ _ 1_/\1.
Y M DR ) Ry (D k()
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and similarly, since > y implies £ > £, and hence k (2) >k (), then we have
Y x Yy x
oo

dy

v !hl(x,y>k(§)+h2<x,y>k<i)

_ xl_A7 du
/ hi (u, 1) k (u) + ho (u, 1) k (u™1)

= 331_/\[2.

From M’ and M"”
/ -
S h (wyy)max {k (£) & (4) } + ho (2, y) min {k (£) (1) }
If this last result is substituted into (2.15), we have
P (x) dedy

M_O/O/h1 (x,y)max{k (%) ,k(%)}—l—hg(m,y)min{k (£> ,k(%)}

Yy

="M+ 1) = Cra' N

o0

= (O /:Ul_Afp (x) dx.
0
Similarly,

i 7 dx
N = / 97 (y) / J
o\ m@ymax{k(5) k()] + @ y)min{k (5) k()]
By calculating the inner integral above, with the same method as above, it follows that
7 dx

0/ h1 (x,y) max {k (%) kK (%)} + ha (z,9) min{k‘ (%) k (%)}

_ /y dx +7 dx
Db (@) b (2) +he @)k (4) ) b (@y) b (2) +ho (2,y) k (2)

1 o]

du du
+y

yHO/h1(1,u)k(u—1)+h2(1,u)k(u) Hl/hl (L u)k (u) + ha (Lu) k(a1

= yl_)‘ (J1 + Jz) = Cle_)‘

and so
o0

N=0Cy / y' g (y) dy.
0
If M and N are written in (2.14), we have

77 f(x) g (y) dedy
o b D (2, y) max {kz (g) K (%)} + hy (x,y) min {k: (%) K (%)}
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0

< 01%02% (/xlkfp (z) de) (/ylkgq (v) dy)
0

which shows that the inequality (2.12) holds

ii) Similarly, according to Holder’s inequality, we get

// y) dxdy
hi (z,y) +h2 (x,y)

77 f(x)yg 1 g(y)xs
50 T (,y) + he (2,9)]7 29 [hy (z,y) + ha (2, )]
f()ﬁmw )p

,y) + he (z,9)] x

(2.16)

5 dxdy

Q=

yr

<// ) 2%dady ﬁ)‘ll

+mmymf
N y’dy ) ’
/ 1f(>(!%daw+hﬂ%wﬂd)

o0 bo-1) n z%dx %
X <O/y gt (y) (O/ [h1($,y)+h2(xay)])dy) '

We consider the above last integrals with change of variables, we have

IN
0\8
0\8
?

Bd Bd
y ay _ —A/ yy Y . (2.17)
h1 (z,y) + ho (x,y) hi(1,%) 4+ ha (1,%)

Bd
P u-au — B
/h1 (1L,u) + ho (1,u) -7 2
and

x%dx _ _)\7 2%dx
)l (2,y) + he (2,y) Y hl( )+h2 (g y) (2.18)

1+oz A u®du 1+oa— )\K
/h1u1)+h2(u1) 4

Therefore, (2.17) and (2.18) are written into (2.16), it follows that

00 00 oo % 00 é
f () g (y) dzdy tr / 1+8—A—a(p—1 -
<KiKZ? a(p=1) ¢p
//hl (z,y) +h2 (z,y) ree ! f* (@) du
00 0

/y”a AP gt (y) dy

0
which shows that the inequality (2.13) holds

O
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3. APPLICATIONS

Corollary 3.1. Assume that f >0, A > %, p>1 and % + % = 1. Then

)\ 1)(p—1) T f( )d:L'
= (7)ol )

2\ 4 1 Pm
= { @2r—1) /xl{ﬂ

0
Proof. The result is obtained from result (i) in Theorem 2.1 by putting
hi (z,y) = (29)*, he (z,y) = (2y) ™, k(2) =27

thus
1

I—J—]O du _/Oou”‘du </u2)‘du_ 1

2= J2= P+ ) Ay s 7 N W
1 1

The desired result can now be obtained.

Corollary 3.2. Assume that f >0, XA > %, p>1and % + % = 1. Then

by (A=1)(p—1) 7 f(z)dz pd
O/y (0/ <x+y>k+<x+y>k) /

1 1 1 N
< prt (,)\ - ) B (,)\ - ) /ZL‘l_)‘fp (z)dx
q q P p)J

Proof. The result is obtained from result (ii) in Theorem 2.1 by putting
1

hl(x’y):(x+y)>\7h2(xuy>:(x+y)_/\7azg_laﬂzg_l
thus
o 1g A 00 1_4
1 1 1
K, = /uq (u—i;/\) duﬁ/uq dif\:B(,A—),
W+ +1 "~ (u+1) q q

0

o 1 A

1" d 1 1

K o= [ Do p(a-l),
S ()P 41 pTp

The desired result can now be obtained.
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4. CONCLUSION

In conclusion, the works of Sulaiman in 2010 and Wei-Lei in 2011 represent significant
advancements in the theory of Hardy-Hilbert type inequalities. Sulaiman’s generalization
widened the applicability of these inequalities by accommodating homogeneous kernels of
order A, thereby extending their utility across various mathematical domains. Wei-Lei’s
alternative proof technique not only provided a fresh perspective but also introduced new
methodologies, further enriching the understanding and discourse surrounding Hardy-Hilbert
type inequalities. Collectively, these contributions lay a strong foundation for future research
endeavours, encouraging continued exploration and innovation in this field.
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