Turkish J. Ineq., 8 (2) (2024), Pages 16 —21 .

Turkish Journal of
INEQUALITIES

Available online at www.tjinequality.com
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ABSTRACT. In this paper, we have used Ruscheweyh differential operator in order to
study another subclass of analytic functions M (a,n, A) univalent in the open unit disk
A ={ze€C:|z| =1}. We study some co-efficient inequalities for functions in the class
which generalizes the already known results of coefficient inequalities considered earlier by
Owa, Polatoglu and Yavuz for uniformly convex and starlike functions.

1. INTRODUCTION AND PRELIMINARIES

Geometric function theory is a beautiful branch of complex analysis, comprising the
study of the properties of normalized univalent functions. The use of differential and
integral operators has further enlarged and enriched this field for study and research.

In the present paper, we use the idea of a differential operators introduced by Ruscheweyh
[12]. The obtained results are generalizations of the classes of uniformly convex and starlike
functions available in the literature.

Let A denote the class of functions of the form

f(z) =2+ 02 an2", (1.1)
which are analytic in the open unit disk A = {z € C: |z| < 1}. For two functions f and
g € A, the convolution or Hadmard product of f and g is denoted by (f * ¢g) and is defined
by

(fxg)(z2) =2+ > 02 aias.. (1.2)

Definition 1.1. A function f(z) € A is said to be starlike in A if and only if f'(0) # 0

and Re (i{é’?) > 0. The class of starlike functions is denoted by S* and is defined by

!
s ={r(ze8: e (45) >0, zen}.
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Definition 1.2. A function f (z) € A is said to be convex in A if and only if f’ (0) # 0 and
satisfy the inequality Re (1 + Z}c,,é‘;)) > (0.The class of convex functions is denoted by s and
is defined by

k={f()ed:Re(1+ L) >0z},

Definition 1.3. A function f (z) € A is said to be starlike function of order a (0 < o <'1),
denoted by S* () if and only if Re (Zf (z)) > a,z € A. The class of starlike univalent

7)>azen

< a < 1) satisfy the condition

functions of order « is defined by

S$*(a) = {f (2) € A: e (£

f(2)

Similarly, the class of convex functions of order a (0
/l

e ) 2o

H(a):{f(z) EA:%e(l%—z}c,/Eg)) >a,z€A}.

Definition 1.4. A function f (z) € A is said to be in UCYV, the class of uniformly convex

functions, if it satisfies the inequality

Re (1+575) = |5

Likewise, a function f (z) € A is said to be in UST, the class of uniformly starlike functions,

and is given by

, 2 €A

if it satisfies the inequality

Re (5) 2 |F5 -

Definition 1.5. ([1], [7]) A function f(z) is said to be in the class of uniformly starlike
function of order o, UST (), if it satisfies the inequality

Re (5 —a) = |F5 -

Similarly, a function f (2) is said to be in the class UCV («), if and only if zf (2) € UST («)
and satisfy

z2f"(2) _ zf"(2)

Re (1455 —a) = |5

Over the last few years, many authors have generalized and extended the already known

1],z € A.

,z€e€N, -1 <a<l.

zeN, —1<a<l.

classes of uniformly convex and starlike functions and have succeeded in developing new
subclasses of univalent functions. For example, the class v,i‘ (8,b,0) was introduced by Latha
and Nanjunda Rao [3]. Similarly, Shams, Kulkarni and Jehangiri [9] collectively introduced
the classes SD («, 8) and KD («, ) as the subclass of A consisting of functions satisfying
the inequalities

2f'(z) _

G 1‘+,6’,zEA,
and

2f"(2)
f'(2)

%e(l—sz”(z)) >« z €N,

I'(2)
fora>0and f(0< B <1).
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For f € Aand A € Ny ={0,1,2,3,...}, Ruscheweyh in [12] introduced the following nth
order derivative operator

DMf(2) = e + £ (2) = (=4 20 St =”) # (2 4+ Sp ane™),
or
DM (2) = 2 + X2y Siop anz™,
=2+ Y 02 9Cn (A)anz", where ¢, ()\) = (;J&j‘:ll))!!,n >2,A>0.
For A =10,1,2,... we can write

DOf (2) = f(2) = 2 + X0, an2™
Df (2) = 2f" (2) = 2 + D00 5 nay 2"

(1.3)

A+ 1) DMIf(2) =2 (DM (2) +ADMf (2).

Then the operator D*f (z) is called Ruscheweyh derivative operator. The Ruscheweyh
derivative provides an important tool for the generalization of various classes of univalent
functions. Using Ruscheweyh derivative operator D f (z) we can generalize the well known
classes of uniformly convex and starlike functions.

Definition 1.6. We say that a function f € A is in the class M (a,n, A) if it satisfies the
inequality

®{ %t} > ot — 1]+

fora > 0,0 <n<1and )€ Ng.

It is important to note that for particular values of the parameters «, 7 and A, the class
M (a,m, A) jincludes several subclasses of univalent functions studied earlier:
1. M (1,0,0) = S, (5D

2.M (1,1,0) = Sp (n) ([5])
3. M (a,n,0) = SD (a,n) ([9])

4. M (a,n,1) = KD (a,7) ([9))
5. M (a,n,0) = Sp (e, ) ([1], [°))
6.M (a,1,1) = UCV (a,n) (1], 1)
7. M (0,1,0) = 5" (n) ([11])

8. M(0,n,1)=C(n) ([11])

9. M (0,3,0) = K, ([12])

2. MAIN RESULTS
In this section we obtain some coefficient inequalities for functions in the class M («,n, \).
Theorem 2.1. If f € M (a,n,\) with 0 < o <, then f € M (1 a,)\).

Proof. Let f € M (a,m, \), then we can write

D M1 f(2) D M1f(z)
R{Gxpil} > | Gl — 1| +n, z€ D,
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which in equivalent form can also be written as

R {Sprp } > =,

If 0 < a <1, then we have
0< =<1
O
Corollary 2.1. For A =0, we get Theorem 2.1 in [10] reads as: If f(z) € SD (a,n) with

0<a<nora>1tn thenf(z)ES*(%).
Corollary 2.2. For the parametric value A\ = 1, we get Theorem 2.1 in [11] reads as: If
f(2) € KD (a,n) with 0 < a <mn, then f(z) € K(%) .

The following lemma is important for the proof of our main result given below.

Lemma 2.1. [3]Ifp € P, then |px| < 2 for each k € N, where P is the family of all functions
p(z) analytic in D for which R (p(z)) > 0 and

p(z) =14p1(2)+p2(2)+ ...

Theorem 2.2. If f € SM (a,n, \) with 0 < a <7, then
(L+A)x(1-n)

< 2.1
92l < G ol By (V) @1)
and
1+ x(1=n) k—2 (A=n)(1+))
anl < GG DN et Tt [+ el 0 2 3 (22)
Proof. In view of f(z) € SM (a,n,A) and 0 < o < \;we have
D M1 f(z) n—a
3‘3{ D C) } > 1,2 €D.
We can define the function p (z) by
A+1
(1-a) {DDAJ-{Z()Z)] —(n—a) (2 3)
p(z) = =) ,z € D.
Hence, p(z) is analytic in A with p(0) =1 and R{p(2)} > 0, (z € A). If we let
p(2)=1+prz+p2?+ ..
then, we can write
AL p(, _ . n
DD)\f{Z()) =1+ (%_72) Zn:l Pnz,
or
DMUf () = DM (2) (14 122 5021 pas") - (2.4)

In equivalent form we have

DMUf (2) = DM (2) (1+ =2 (P12 + p22® + )

11—«

or

LI 1 25 (07 0)| =P @O+ B izt ). (29)
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From (2.4), we obtain
z+ 22 By (N) a2z® + 54 Bs (A) agz® + ...
=z+ ( ) [p12% + (p2 + B2 (\) prag) 2° + ..],

in equivalent form the above equality can be written as
A _ _
2 S0ty BB, (V) ans" = 2+ 122 02 (021 By (V) porans") - (2.6)
Now, the equality of coefficients on both sides of 2™ in (2.5) gives us

BB, (N an = 122 (521 Bu (V) paoaar)

or

_ 14+)) n—1
n = [2+(n( l)A]>(<1( a)Bn () Z,\ 1 Bn (A) Pr—rax.
and by Lemma 2.1 for [p,| <2, (n > 1) we have

jan| < gﬂ(,glﬁ;;ﬁfla";n( 5 [Ba (M) [Pl laa]

2(14+A 1 n—1
S B 1)>\)]\><1( a|an()\) 2521 Bn (M) laal -

(2.7)

For n = 2, we have

2(14+ X 1—
|ag| < ‘(2£4A)|1)jof|32?)r)~

Similarly, for n = 3,

2(1—n) 2(1-n)(1+N)?
las] < sr—amBs [1 + ey ] :

Therefore, the coefficient inequality (2.2) holds for n = 2 and n = 3.
Suppose now, that the inequality (2.2) holds for n = k, that is

2(1+A) x (1—1) k—2 2(1-n)(1+7)
|ay| < [2+(k—1)A}|1—o¢|T]Bk(>\) [T [ m}

To prove for n = k + 1, consider

2(140)x (1) 2(140) x (1=n)
lar1] < oy (1 + peais elEa0s >) +

2(1—n) 2(1-n)(1+X)° 2(1+)x A-n(1+N)
aagy (L ) + -+ et =t (1+ Ebira)
2(14+M) x(1-n) 2(1-n)(1+A)
(RN —alBrsi () ] 1 (1 + Tn= a\)
which means that the inequality (2.2) holds for n = k + 1 and by mathematical induction it
holds true for all n > 3. ]

Corollary 2.3. If we put a =0 in Theorem 2.2, we get the inequality

gl < 2(1+2) (1= TIZ7 (14 20280 (k> 2).

Corollary 2.4. If we put « = X\ =0 in Theorem 2.2, then we get the inequality
jar| <21 =) ;27 2 —n), (k> 2).



A SUBCLASS OF ANALYTIC FUNCTIONS DEFINED IN TERMS OF RUSCHEWEYH DERIVATIVE 21

Theorem 2.3. If f € KD (a,n,\) with 0 < o <1, then
2(1— - 2(1—
Jan] < sy TIh23 (14 225 ) . (n > 4,5,6,...),

J1—af
and
1—
jas| < =2,
Similarly,
2(1—
jas| < 3=ot (1 +2]as]).

3. CONCLUSION

A new class M (a,n,\) of uniformly convex and starlike functions using Ruscheweyh
derivative operator is introduced. Characterization of coefficient inequalities for functions
in the class are estimated.
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