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GENERALIZED INEQUALITIES BASED ON PARAMETRIC
EXTENSIONS OF RELATIVE OPERATOR ENTROPY

WENSHI LIAO! AND PUJUN LONG!

ABSTRACT. In this paper, we present some operator inequalities related to parametric rela-
tive operator entropy and Tallis relative operator entropy. Our results are some refinements
and generalizations of some existing results.

1. INTRODUCTION

In this paper, all operators are bounded linear operators on a Hilbert space H. B(H)s, is
the set of all self-adjoint operators. An operator 7' is said to be positive (denoted by 7" > 0)
if (Tx,z) > 0 for all z € H and an operator T is said to be strictly positive (denoted by
T >0)if (Tx,x) > 0 for all z # 0. A continuous real function f on [0, +00) is said to be
operator monotone if A < B implies f(A) < f(B) for A, B € B(H)sq.

For two strictly positive operators A and B, the weighted geometric mean is defined
by AfaB = A3(A"2BA"3)%A3 for 0 < a < 1 and AfgB = A, A#;B = B. A#.B can be
extended to o € R, and we rewrite it as Al B, which can be treated as a path from A to B.

A relative operator entropy of two strictly positive operators

S(A|B) = A2 log(A"2BA™2)A:z

was introduced by Fujii and Kamei [1] in the noncommutative information theory. When
A is positive, one may set S(A|B) := ELHEO S(A + €lI|B) if the limit which is taken in the
strong operator topology exists.

Tallis relative operator entropy was introduced by Yanagi-Kuriyama-Furuichi in [2]. For
A, B > 0and 0 < A <1, Tallis relative operator entropy was defined as

AZ(A"3BA3)* A3 — A Af,B- A

5 = Az Iny(A"2BA"2)A3,

T5\(A|B) =
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where Iny(X) = XAA_I is A-logarithmic function defined for X > 0 and 0 # A € R and
In_(X) = X~ Iny(X). We remark that

To(AlB) = lim Ty(A|B) = S(A|B),

since /\hmo xA; L —loga for 2 > 0, and also the definition of T)(A|B) can be extended for
S

AeR
The generalized relative operator entropy for strictly positive operators A, B and o € R

defined in [3] by setting
Su(A|B) = Az(A"2BA™2)*log(A"2 BA™2)Az2.

In particular, we have Sy(A|B) = S(A|B).

Nikoufar et al. [1] announced the notion of operator («, /3)-geometric mean ((«, 3)-power
mean) for two real numbers «, § as a generalization of operator weighted geometric mean
of two strictly positive operators A, B as follows:

AboB = AZ(A"7BA™7)* AL

Moreover Af, g)B can be extended to nonnegative A and B as

Ah(a,B)B = egI}rlO(A + GI)h(a,,B) (B + EI).
Note that Ao B = Af, 1yB, Aj_1 5B =AB71AP Ayq 4B = AP and A 5B = B.
Nikoufar [5] defined relative operator (a, ()-entropy (parametric extension of relative

operator entropy) as

Sios(A|B) = AZ(A~5 BAZ )®log(A~F BA~2)A%
(c,8)

for strictly positive operators A, B and real numbers «, S and Tsallis relative operator
(A, B)-entropy
B _B _B, B
Tiap) (AlB) = A2 Iny(A"2BA™2)A>
for strictly positive operators A, B and real numbers 3, A # 0. S, g)(A|B) can considered
as a tangent at a of A, 5B .

We collect these basic properties of relative operator (o, 3)-entropy and Tsallis relative
operator (A, 3)-entropy [5,0]:

i) S(a,1)(A|B) = Sa(A|B), S(0,1)(A|B) = S(A|B);
i) T (AlB) = Ta(A[B), lim Ty 5)(A|B) = S(0,5) (A B) = S(A%|B).
In this paper, we discuss the relationships between S, )(A|B) and T{, 3)(A|B), and

the upper bounds and lower bounds of S, g)(A|B) and T, g)(A[B), we also obtain some
refinements and generalizations of existing inequalities.
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2. MAIN RESULTS

We begin this section with the inequalities between S 5)(A|B) and T, 5)(A|B).

Theorem 2.1. Let A € (0,1] and 5 > 0. For any invertible positive operators A and B, we

have
A0,0)B — Al1,0)B < T-a) (AI1B) < S(0,5)(A1B) < T, (AlB) < Aty p)B — Ah(o,mfi
Moreover, T(y g)(A|B) = 0 if and only if AP =D . =y
Proof. Since
-z l<Impz<z-1 (2.2)
forany z > 0and 0 < A < 1.
Let % instead of x in the above inequality, we have
-z '<In_jyz<z-1 (2.3)
It is known that for any x > 0 and 0 < A < 1,
In_yz <logzx <Inyuz, (2.4)
then combining (2.2), (2.3) and (2.4), we get
l—z'<ln_yz<logz <lnyz<z-—1. (2.5)
By the operator monotonicity and inequalities (2.5), we have
[ (A"7BA™2)1 <ln_, (A"2BA™%) <log (A"2 BA™%) y
<l (A5BA~3)< A 3BA S — 1. 20
Multiply A% from the both sides of inequalities (2.6), we have
AP~ APB7IAP < A% In_, (A"2BA"%)A% < A% log (A" BA%)A%
< ASIny (A"2BA"2)A% < B — AP
This completes the proof. O

Remark 2.1. If we put § =1 1in (2.1), then we obtain the inequality (2.2) in [7] as follows
A—AB 'A< T_,(A|B) < S(A|B) < T\(A|B) < B — A.

Theorem 2.2. Leta >0, A € (0,1] and B > 0. For any invertible positive operators A

and B, we have

1— A

a _
)\a)\ Ah(O,,@)B S a )\T(_)\ﬁ)(A’B) (27)

1
Afop B = Al-19) B +

Proof. For a > 0 and A € (0, 1], we have

A A
1_i<a7)\x 11 CL7
axr ~ - Aa?

x>0,



GENERALIZED INEQUALITIES BASED ON PARAMETRIC EXTENSIONS 25

and so
B N o
I—lAgB_lAgga_/\(A 2BA”2) I 1 a
a - Aa?
Multiply both sides by Ag, we have
B, BB\ B A
47 g < ATATEBAT) AR S AT 1ot

a - Aa?

This completes the proof. [l

Remark 2.2. If we put = 1, then we obtain the inequality (2.1) in [7]

1 —CL)\ A
A <a T L(AlB)

A-lapray

a

If we put a = 1, then we have
Abo,p B — Ag_1,B < T 5)(A]B).

This is the first inequality of (2.1).
If we put =1 and a = 1, then we have

A—AB 'A< T_,(A|B).
Next, we discuss the relationships between Ty g)(A[B) and Sy 3)(A|B).

Theorem 2.3. Let a > 0, A € (0,1] and 5 > 0. For any invertible positive operators A and
B, we have

1 1
AH(A,B)B — aAh()\*LB)B + ln)\ 5Aﬂ(07ﬁ)B
< Tnp)(AlB)

< Sip)(AlB) (2.8)
< 2Tax ) (Al B) — T(» ) (A| B)

1 1
< — Al B — Iy~ Al ) B — Al ) B.

Proof. 1t is known that for positive real number zx,

A1 o —

<logz < = Iny z,

In_yz =
So, we have
A -\ A
-1 -1 -1
a; X AL Y Sm)‘logach)‘x T

by Lemma 3.5 in [8], that is,

1 1 1 1
=22 4 Iny = <Inpz <2 logz < 2’ Iny 2 = 21lngy z — Iny 2 < x)‘(fa;—lnx Zat - 1),
a a a a

by the similar method in the proof of Theorem 2.1, we obtain the results. O
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Remark 2.3. In the inequalities (2.8), if we put a = 1, then we get
Abong) B — Ain-1,8B < T p)(A|B)

< S (A|B)

< 2T (25 p)(A[B) — T(» ) (A| B)

< Ajov,6)B — Al B-
Remark 2.4. Tt follows from inequalities (2.1) and (2.8) that

T(—xp)(A|B) < S(0,5)(A|B) < T(x p)(A[B) < Sx 5)(A[B).
If we put =1 1in (2.9), then we have
T\(A[B) < $1(A[B) < 2T:(A[B) — T»(A[B).

Theorem 2.4. Let a > 0, X € (0,1] and 8 > 0. For any invertible positive operators A and
B, we have

S()\,ﬁ) (A|B) Z T()\’ﬁ) (A|B) + (ln_,\ G)Ah(o,ﬁ)B — (log a)Aﬁ(A’ﬁ)B, (210)

Sing) (AlB) < 219y 5)(A|B) — T(x ) (A|B) + (Inx a) Afjon gy B — (log a) Afjn gy B (2.11)

Proof.
A_ A
x 1 §x’\log3:§x>‘$71,
A
so we have
A A
-1 -1
@=L < (0 tog (ar) < (a2
A A
that is
A 2 A
-1 -1 -1
z +ln_,\a—$)‘10ga§xklogx§2x _ 2 + 2’ Iny a — 2’ log a.

A A
It follows that

Tinp) (A|B) + (In_xa) Ao g) B — (loga) Aljx ) B < S g)(AlB),

S (A|B) < 21195 p)(A|B) — T(n 5) (A|B) + (Iny a) Ay 5) B — (log a) Al 5) B-
This completes the proof. ]

Remark 2.5. Tt follows from inequalities (2.8), (2.10) and (2.11) that

1
(1 —loga)Al B — EAH(A—L&)B < Sop)(AlB),

1
S()\ﬁ)(A‘B) < 5Ah()\+175)B + (ln)\ a—+ ln,)\ a)Ah(2A75)B - (1 + log a)Ah(,\,ﬁ)B,

then putting A — 0 and 5 = 1, we get inequalities (1.4) in [7]

(1 —loga)A — Lap14 < S(A|B) < (loga — 1)A + Ip,
a a
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Theorem 2.5. Leta >0, X € (0,1] and 8 > 0. For any invertible positive operators A
and B, we have

a MU T ) (Al B) + 12 Al 5) B + 13 Al 5y B) — (log a) Aty ) B
< Sins)(A|B) (2.12)
< L(2T(2x,8)(A|IB) = T(x 5) (A B)) + l2Ag(x gy B + l3Ab2x p) B — (log a) Al p) B,

where Iy = va® + (1 —v), lp =vinya and I3 = (1 —v)Inya .

Proof. Note that
ar) =1 20 —1 at -1
( ) A

= (2.13)
(ax))‘—l_a’\—lA a —1
3 = ¢ + N (2.14)
It follows from (2.13) and (2.14) that
A A A A A
ar)” —1 -1 a*—1 a*—1 "t —1
( ))\ =v(——a*+ )+ (=0 ot + ) _-_
A A '
= o + (1= o) T+ o+ (1 - v
A A
(aaﬁAl < (az)*log (ax) E;(ax)k(aaﬁAl’ (2.16)

Combining (2.15) and (2.16), we have

a*)‘(ll Inyz + Iy + lgfL')\) — 2 loga < 2t logz < l1(2lngy x —Iny x) + lyz? + 1322 — 2 log a.
Taking z = A=3BA~% and multiply A% from both sides, we can obtain the results. O
Remark 2.6. Putting v =1 in (2.12), we get (2.10) and (2.11).
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