Turkish J. Ineq., 6 (1) (2022), Pages 1 —6 .

Turkish Journal of

INEQUALITIES

Available online at www.tjinequality.com

A STUDY ON LEAST SQUARES ESTIMATION WITH INEQUALITY
CONSTRAINT

FATMA BUGLEM YALCIN!

ABSTRACT. In this paper, the least-squares estimators are obtained by imposing inequality
constraints on parameter vector in classical regression model and using genaralized inverses
of matrices. Additionally, the Kantorovich type inequality for a special matrix is expressed.

1. INTRODUCTION

In many fields, the data collected through the application is examined and it is desired
to find a function that models this data. It may not always be possible to find the function
that fits the data exactly. The regression analysis is a method of finding the function that
best fits these datas [15].

The ordinary least squares (OLS) method is one of most commonly used methods in
regression analysis [14]. The famous mathematician C. F. Gauss used firstly this method to
determine the orbit of the Cres asteroid [1]. The OLS method is one of the methods used
in determining the relationships between variables in many science such as mathematics,
sociology, engineering, medicine and agriculture [6]. The OLS method has become a subject
that mathematicians and other scientists have been work on (see. [1,2,8, 10,12, 10]).

The OLS method is the optimal method according to the Gauss-Markov Theorem, since
it aims to minimize the sum of squares error (SSE). When some assumptions are provided
for the data, the method provides reliable estimates [7]. However, it can sometimes produce
misleading results. Therefore, it may be necessary to impose a linear equality or an inequality
constraint on the parameter. It is aimed to minimize the SSE again [5, 11, 13].

In this study, our aim is to find the inequality constrained least squares (ICLS) estimation
in linear models by means of the Moore-Penrose g-inverse, which is a special case of the
generalized inverse of matrices. And it is to prove the Kantorovich type inequality for
the matrix consisting of the difference between the variance of the ICLS estimator and
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the variance of the OLS estimator. Firstly, let’s obtain the ICLS estimator by using the
Lagrange method.

2. INEQUALITY CONSTRAINED LEAST SQUARES ESTIMATION

Consider a general linear model

w=pl+e¢ (2.1)

where ¢ is an s x t matrix of known constant and rank(p) =t < s, w is an s x 1 observable

random vector, 0 is a ¢ X 1 vector of parameters to be estimated, ¢ is a random error vector

with E(e) = 0, cov(¢) = 0?I and o? is an unknown positive parameter. As is known, the
OLS estimator # is obtained by minimizing with the regard to :

!

0=(¢e) " w (2:2)
and

52 = (w— 6) (w — @é)
s —rank(y)

(2.3)

is an unbiased estimator of 2 where the estimated error vector is & = w — 0. E (é) =40
and var(f) = 0%(¢ )~ is obtained.
Consider g¢-linear inequality constraints

£0>1n (2.4)
imposed on coefficients where £ is a matrix of known constant, rank(&;x:) = ¢, and 7 is
a g X 1 known vector. We can write 2.4 as

§0—p=n (2.5)
where p is ¢ x 1 surplus vector, 6 isn’t otherwise constrained. The ICLS estimation is
obtained by minimizing the following objective function

ge=(w— ) (w— b (2.6)
subject to £€0 — p = n. Constructed the Lagrange function

S=ww—-200w+0¢ph—a (n—=<b+90) (2.7)
where ' is an ¢ x 1 vector of Lagrange multipliers. By using the result in [17], differenti-
ation of the Lagrange function with respect to 6 and « yields the following conditions

— 20w+ 20 b + £ a, (2.8)

&0 —pu—n=0. (2.9)
Now pre-multiplying equation 2.8 by £(¢ ¢)~! gives that
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—26(p'p) P w20+ E(pp) M a=0. (2.10)
Since the matrix 5(4,0/4,0)_15/ is positive definite, by using § = (np/@)_lgolw, we get

a=—=2(¢ ) )+ p— ) (2.11)
By substituting this value in 2.8, we obtain the ICLS estimator éids of 6:

Bicis = 0+ (2'0) € (E(') ) + 6 - €0). (212)
éicls is unbiased for #. This expression is the same as in [3]. As to the variance-covariance
matrix of éicls: we have

A A A

var(Oiess) = El(Bicts — 0)(Bicts — 0)'] = 0” Micts (¢ 0) ™ (Micts)’ (2.13)

where the matrix My = [I— (¢ @) '€ (€(¢ ) ~1¢)~1¢] is idempotent but not symmetric.

Now let’s get the ICLS estimator by another method. We will use the Moore-Penreose
generalized inverse in matrices for this.

3. THE INEQUALITY CONSTRAINED LEAST SQUARES ESTIMATION VIA THE
MOORE-PENROSE GENERALIZED INVERSE

Under the constraints 2.5 and the condition rank(&;x¢) = ¢, by using Moore-Penrose
generalized inverse £t = &' (£€')! of £ (¢ is unique), we get the solution

éicls = £+(77 + lUJ) + (I - £+£)é (31)
If we use (¢ o) 1 [€(¢ ©)7'€']7! in place of £, then this g-inverse satisfies the three
properties of Moore-Penrose generalized inverse. Therefore, we get

Oicts = {(#' ) TLE[E(P 0) T+ ) + (I = {(¢ )L [E(9 ) 171 16)0
=0+ (0 ) 6P ©)TE T I+ - D). (3.2)

The covariance matrix of the ICLS estimator is obtained in the following forms:

var(Bias) = (¢ @)+ =9 R)TETE —ETE(P )T+ ETEP ) IR (33)
and
var(6) —var(Bias) = o [(0'9) ETEFETE(P )T —ETE(G ) IR (3.4)
Now let’s analyse ¢ = (¢ ) LT + £TE(0 )1 — £7€(p )~ 1eTE matrix consisting of the
difference of var(6) and var(6;.s).
Let be choose zeC(€') = N(I — £'€'t) vector where C(£') is column space of & and N is
null space. Therefore z = &'y, yeR? and zeR’. Using Moore-Penrose g-inverse, we have
v'or =y €0 p) T+ ETE(P ) - ETE(p p) TIETElE y
=y 6l p) TIETEE + LT )T — e ) Il Ty
=yl )T +e(p )T —Llp )y =y e )€
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for VzeR!. Since rank(p) = t, the matrices (¢ @), (¢ p)~! and £(¢ ¢)~'¢" are positive

definite. Then ¢ is a positive definite matrix. Thus, the variance of the ICLS estimator is
the variance of the OLS estimator minus a positive definite matrix.

4. THE KANTOROVICH INEQUALITY FOR THE DIFFERENCE MATRIX

Let us prove Kantorovich type inequality for the matrix which is the difference between
the variance of the ICLS estimator and the variance of the OLS estimator (See [9] for
Kantorovich type equality).

Theorem 4.1. Let ¢ be an positive definite matriz which is the difference between the
variance of the ICLS estimator and the variance of the OLS estimator, Ay and A\ be ¢’s
largest and smallest eigenvalues. If go/ is an t X s matrix such that (gpl)*go/ = I, then

@)@ Q)T+ e ) — £TE(W ) IRy

W[(w')*((w'w)“&% FEYE(p o)t —ere(p )T )Y 12, (4.1)

(@) (WP e+ e e ) — Ere(e ) ey
—[(@) (@) ETE+ETE(P )T — ETE(0 ) 1T E) 2
< {On - AP, (+2)
, , (90',)**[(90',90)‘%*5 +EE(P' ) - , /

EFE(p )T e [(@ ) ((po)lete+ee(p )™ —ETe(p ) lete)p |?

< (VA= VAPL0) (W) Here+ 670 ) —ete(@ o) TET ] (43)
(Here ¢* is the conjugate tmnspose of )
Proof. Since 0 < (il = (¢'9) 167 = £7E(¢'0) T+ £TE(P ) IR () TIETE +
EXe(p )t = ETE(0 ) TIETE = NiIy), we get

(Pp)lere+Ere(@p) ! —Ete(p o) e rel
<M+ M)[(ee) e+ (e ) —ETE(p o) TTETE] = MM

and
@) (@ o) Tete +Ere(p )t —ete( p) et e e
<M+ M) ()T e e +ere(@ o)™ —eTE(@ o) T — M. (44)
We can write the right-hand side of 4.4 as
(AL + /\t)(w;)*[(w’f)‘lﬁﬁ + (P )T = ERE( ) TR — MM
= QB [() (¢ 0) T E + €T (9 )T — £FE(0 ) TET )P )
—{(VANT = 5L [(0) (P 0) TIETE+ M0 )T - EFE(P ) TIETEP )N
=1(©) (P e e+ M (e 0) " — €7@ 0) T E O + 00 = M),
—{(@) (P ) HTE+ETE(P ) = £TE(9 ) T1ETE) ' — AfAe)?

7\ kK

() (o)t e+ £1E(@ o)t — EFE( ) 1T )2
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VAL = VAHP) (P9 e e+ EE( o) T — ErE(d o) T
VAN = (¢) (9 0) T+ ETE(9 ) = E£TE(0 ) 1T P
We have 4.1, 4.2 and 4.3. The proof is complete. U

Corollary 4.1. Under the assumptions of 4.1, we have the following inequalities such that
Ik 7

(€)@ p) I+ Ere(P' o) = EMe( ) et
2 " , ) / /
< QA e (ot et - ST OER (45)

EV U@ p)Tete+ete(p o)t — eFe(p ) Tete]e

—[(€) (P ) TErE + (9 )t — EFE(P ) TIETE)E )
< i()\l — )2, (4.6)

(€) [P p)lere +ere(e'p) ! — el p) leree
—[(€) (¢ @) THFTE+ETE(P )™ = ETE(p ) TLETE)ET?
< (VA = VRHE) (P o) leterete(p o)t — e )it E] (4T)
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